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ABSTRACT 

An approach to the problem of a shock propagating 

through a variable atmosphere is presented. A previously 

presented theory has  been improved a n d a  computer program 

has been writ ten using the resu l t s  of the improved theory.  

This paper presents  the improved resu l t s  and gives a detailed 

description of the computer program. 

For a n  atmosphere which va r i e s  a rb i t ra r i ly  i n  the 

ver t ical  direction and for a super sonic a i rc raf t  with a rb i t r a ry  

lift and volume distribution the computer program will give 
the shock overpressure  and intersection points at  the ground. 

In addition, effects due to  a i rcraf t  accelerat ion,  flight path 

angle and curvature and acoustical cutoff a r e  computed and 

presented by the program. 
.-I 
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SECTION I 

INTRODUCTION 

I 

This report  will  give a description of a "Sonic Boom Computer * 
Program".  
program is based, is presented in Section IV and Appendix 1. Since the 

emphasis  here  is for .the operation of the SBCP, discussion of the theo- 

re t ical  resul ts  will be kept to a minimum. 

The theoretical development, upon which the computer 

The SBCP uses  the following input data: 

1 )  Atmospheric pressure,  temperature  and winds between the air- 
craf t  and the ground, and shock-ground reflection factor.  

2 )  Aircraft  parameters  such a s  Mach number , altitude, acceleration 

r a t e ,  volume and l i f t  factors ,  a i rcraf t  length and weight. 

3 )  The analysis i s  based on ray  tube concepts, that i s ,  a small  seg-  

ment  of shock is considered to be propagating down a r a y  tube and i t s  

strength and location a r e  determined along the r a y  path until it s t r ikes  the 

ground. Therefore, another input is the initial r a y  directions.  These a r e  

specified by giving those angles,  measured  around the flight direction, for 

which computations a r e  desired.  (That i s ,  the angles @ i n  F i g .  1, Section 

11). 

The computer output gives: 

1)  A listing of pertinent input data. 

2 )  The location and strength of the shock corresponding to a selected 

input angle a t  intermediate computed points between the a i r c ra f t  and the 

ground. 

3 )  The location and strength of the shock a t  the shock-ground inter-  

section. 

The program was written in For t ran  and has  been operated on IBM 

709, 7090 and 7094 computers.  

In the remainder  of this repor t  the "Sonic Boom Computer Program" wil l  * 
be denoted by SBCP. 
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Details for  operating the program are given in Section 11. The 

equations which a r e  actually solved a r e  presented in Section 111. 

addition the For t r an  symbols and their corresponding physical var iables  

and a brief descriptions of the subroutines a r e  given in this section. 

improvements to the theory a re  given in Section IV. 

the general theory was presented is reproduced in  Appendix 1 .  

2 the input and output f o r  two sample problems a r e  given. 

Fo r t r an  instruction ca rds  is given in Appendix 3. 

In 

Some 

The paper in which 

In Appendix 

A listing of the 

In Appendix I V  the theory is extended to include a i rc raf t  diving o r  

climbing and curved flight path effects. Since the original vers ion of this 

report  ( T R  8 9 ,  Dec. 19631 appeared, these a i rc raf t  maneuver calculations 

have been included in the SBCP. 
that was in T R  89 plus the above improvements. 

The present  report  includes everything 

Results of some sample computations a r e  given in Appendix V. 
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SECTION I1 

PROGRAM OPERATION DETAILS 

11.1 INPUT FORMAT 

In order  to operate the program the data ca rds  must  be a r ranged  

in  the following manner: 

Control ca rd :  The first card  is a control card ,  it te l ls  the following: 

1) The number of altitudes at which atmospheric data will be pre-  

scr ibed,  this  number can be 2 to 100. 

(aircraft and ground) a r e  required to run any problem and a maximum of 

100 altitudes can be handled. This number should be entered so that the 

last digit is in  column 10. 

That is a minimum of 2 altitudes 

2) The number of angles,  measured about the aircraft axis, f o r  

which output data is desired (see "angle cards" ,  p.4). A minimum of 1 and 

a maximum of 21 different angles can be prescr ibed,  therefore  this num- 

ber  can be 1 to 21. It should be entered s o  that the las t  digit is in column 20. 

3 )  A problem identification number.  This can be any integer f rom 

0 to 99999. It should be entered so that the last digit is in  column 30. 

4 )  The input angles mentioned in  ( 2 )  above can be entered in any 

o rde r .  

to the direction directly below the a i rc raf t .  

ca rd  te l ls  wh'ich of the input angles corresponds to this  direction. 

can therefore be a number between 1 and 21. It should be entered so that 

the last digit is in  column 40. 

However i t  is necessary to know which of these angles corresponds 

The next entry on the control 

This 

5 )  Part of the output is a listing of the shock strength and location 

for one of the input angles at computed points between the a i r c ra f t  and the 

ground. That is, a t ime his tory of the shock propagation is given. The 

next entry te l ls  which one of the input angles this  information should c o r r e s -  

pond to. 

entered so  that the las t  digit is in column 50. 

This can therefore  be a number between 1 and 21. It should be 
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6 )  The las t  entry on the control ca rd  te l ls  the computer whether 

o r  not another problem (different a tmosphere,  different a i rc raf t ,  etc.  ) 

follows the completion of the problem currently being entered. A nega- 

tive number in columns 51 to 6 0  will stop the computer at the end of the 

current  computation; no en t ry  o r  a positive entry will have the computer 

r e a d  in a new set of data a f te r  completion of the cur ren t  problem. 

All the numbers entered on the control card  a r e  fixed point integers .  

That is, no decimal point should be used and the first five en t r ies  should 

appear in the columns indicated. The last entry ( i f  any)  can go anywhere 

between columns 51 and 60. 
Atmosphere Cards :  After the control ca rd  the next ca rds  c a r r y  atmos-  

pheric data. 

data is prescribed. 

number entered on the control card.) 

There will be one ca rd  for  each altitude at which atmospheric  

(The number of a tmosphere ca rds  is equal to the first 

These cards  a r e  entered so  that the highest altitude is  f i r s t ,  then 

descending in altitude, and the lowest altitude (ground) last. Each ca rd  

has  the same format  and te l ls  the altitude and the p re s su re ,  temperature ,  

headwind and sidewind corresponding to that altitude. 

have their  decimal point and can appear anywhere within the columns 

indicated below. 

All numbeks must  

Columns 

1 - 10 

11-20 

21 - 3 0  

31 - 4 0  

41 - 50 

Data - 
altitude + 1000. in feet 

p re s su re  pounds/ sq. f t .  

temperature  deg. F 
headwind f t .  f sec .  

si de wind ft .  I s ec .  

The winds should be referenced to the a i rc raf t  direction. A head- 

A sidewind in the direction of wind is positive and a tailwind is negative. 

the starboard wing is positive, in  the direction of the port  wing is  negative. 

Angle cards : 

t e rmines  shock propert ies  all along this  r a y  until it mee t s  the ground. The 

initial r a y  directions are determined by the "angle input", these a r e  angles 

measured  about the a i rc raf t  r a y  (or  shock) cone axis. 

The computation s t a r t s  with a n  initial r ay  direction and de- 

The angle 4 = 0 
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corresponds to directly below the a i rc raf t .  In F i g  11.1 the a i r c r a f t  is 

moving in the direction of the negative x axis and is coming out of the 

paper  toward the reader .  

Z 

+ =  0 

4 = 0 corresponds to directly 
below the a i rc raf t  

Figure II. 1 

As many as 21  different angles 4 can be specified, they can be entered 

in any order  and a r e  measured  in degrees.  

decimal point and a r e  entered 7 numbers per  card  as follows: 

The numbers  must  have their  

Columns Data 

1-  10 f i r s t  angle in degrees  

I t  (if  necessary)  1 1 - 2 0  second I t  I t  

61 -70 

1 - 10 next ca rd  

I I  seventh 
eighth I t  I t  

I I  I 1  

I t  t t  
I 

within the indi 

etc.  

The angle (with decimal point) can appear anywher ate d 

columns. The number of successive columns of ten needed for entering 

all the angles is equal to  the second number entered on the control card.  

One of the angles entered must  be zero (4  = 0.0). The number 

corresponding to the position of the angle (b = 0.0 in  the above a r r a y  is the 

fourth entry on the control card.  

a history of the shock propert ies  between the a i rc raf t  and the ground 

printed out, the number corresponding to the position of this angle in the 

above a r r a y  is the fifth entry on the control card.  

One of the angles can be selected to have 
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Aircraf t  data cards: 

the a i rc raf t ,  flight conditions, and shock-ground reflection factor  a r e  speci-  

fied. 

the numbers must be entered with their  decimal point and can appear 

The last input cards  give thirteen pieces of data by which 

F o r  each of these numbers there a r e  ten columns on the input ca rd ,  

anywhere within the field of ten columns. The order  of entry is as follows: 

Columns 

11-20 11 11 

21-30 1' 

31-40 I' 11 

41-50 1' 11 

51-60 1' 11 

61-70 11 

11-20 11 11 

21-30 '1 I1 

31-40 I' 11 

41-50 I' I1 

51-60 1' 11 

1- 10 f i r s t  card 

11 

1-10 second card  

Data 
2 a i rc raf t  acceleration, f t /sec.  

a i rc raf t  length, f t .  
shock- ground reflection constant 
a i rc raf t  Mach number 
a i rc raf t  altitude , ft .  
a i rc raf t  volume factor  
a i rc raf t  lift factor 
a i rc raf t  weight, lb. 
air c raft f inene s s rat io (leng th/max . diame t e r ) 
effective wing length for  l ' f t  distribution , ft.  
flight path curvature x 10' , l/ft. 
climb (or  dive) angle , deg. 
t ime increment,  sec.  

The las t  three entries above involve a i rc raf t  dive and climb calcula- 

t ions,  they a r e  defined in Appendix IV. Details of the integration of body 

shape and l i f t  distribution source t e r m s  a r e  not ca r r i ed  out in  the SBCP. 

asymptotic "aircraft  shape t e rm"  is used (See Section 111.1 , Eq. 111.13). This 

t e r m  is given below: 

An 

Shock overpressure at the ground 
- 114 

a i rc raf t  1 } {shape t e r m s  z pM~: 1} 
atmospheric and 

a i r c ra f t  - - J (VF . L '  75)2 t cos + . JK. LFZ . UrT 
M2 . Ph . (WC ) ' 5  

shape t e rms  FR 

P = atmospheric ground pressure  WT = a i rc raf t  weight 

L - - I t  length 
g 

Ph FR = fineness ra t io  
Rc = reflection constant 

WC 

M = MachNo.  

V F  = volume factor 

L F  = lift factor 

= pressure  a t  a i rc raf t  altitude 

= wing chord for  l i f t  distribution 
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11.2 OUTPUT FORMAT 

The output format  will be self explanatory, however to itemize: 

problem number and a i rc raf t  data a r e  given First: 
Second: input atmosphere is reproduced 

Third: his tory of shock strength variation for selected input angle is 

presented 

Fourth: shock-ground intersection data a r e  l is ted 

Other possible output information is as  follows: 

1 ) If the shock is cutoff by atmospheric  refraction, the location 

and the identification of the corresponding input angle a r e  printed out. 

Also, whenever posssible, the shock overpressure  at cutoff is presented. 

2 )  If a i rc raf t  acceleration effects (that is possible high shock over-  

p r e s s u r e s )  take place before the shock has  propagated 100 body lengths 

this  fact is printed out. 

3 )  If fo r  some reason the computation to determine the pressure  

jump a c r o s s  the shock does not converge this fact is printed out. 

11.3 PROGRAM LIMITATIONS 

1) The a i rc raf t  altitude must be greater  than ground altitude, and 

l e s s  than o r  equal to the highest altitude for which atmospheric  data is 

prescribed. 

2 )  The shock strength i s  not computed until i t  has  propagated 

approximately 100 body lengths f rom the a i rc raf t .  

to the a i rc raf t  the computer can be "fooled" by feeding in a small  value for 

body length, L, and increasing the volume factor ,  V F ,  so that their  product 

in Eq. (11.1) remains  constant. 

resulting data since the present theory is essentially a fa r  field theory.  

That i s ,  the far field resul t  would be cor rec t  but the resu l t s  near  the a i r -  

c r a f t  might be questionable. 

If data is desired closer  

Care should be taken when interpreting the 

3 )  The computation t ime is essentially proportional to the number 

of altitude steps taken to c a r r y  out the integrations t imes the number of 

input angles. 

the smallest  altitude spacing. 

The magnitude of the integration step size is one quar te r  of 

For an  a i rc raf t  a t  60,  000 ft. and altitude 
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data spacing 1000 ft. (step s ize  250 f t .  ) there will be about 240 integra- 
tion steps; computation t imes on IBM 709, 7090 and 7094 are  approxi- 

mately 10,  2 and 1 . 5  seconds respectively for each input angle. 

t 

TR 89 8 



SECTION I11 

PROGRAM DETAILS 

111.1 EQUATIONS 

The basic theory is given in Appendix I and Section IV, however 

the equations actually evaluated on the computer a r e  presented in this 

section. 

development they had to be modified slightly fo r  evaluation on a digital 

computer. 

Although the equations were taken directly f rom the theoretical  

All computations s t a r t  a t  the a i rc raf t  altitude and work down- 

ward along a ray  to the ground. 

origin a t  the ground directly below the a i rc raf t ,  hence the computations 

s t a r t  a t  z = h and end a t  z = zground. 

Shock Location: 

The coordinate system used has i ts  

Equations for  the shock location, Eq. (3.10) of Appendix I 
a r e  integrated directly 

4 
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After the ray-ground intersection, as determined f rom above 

equations, is computed the coordinates a r e  r e fe r r ed  to a fixed coordin- 

a te  system by the procedure described under the heading "shock-ground 

intersection" la te r  in this section. 

Ray Tube Area 

Since we a r e  integrating f rom altitude z = h downward Eq. (IV.12) 

becomes, after setting Vsdt = ds 

(111.2) 

whe r e  

(111.3) 

and (ds/dz) is given in Eq. (3.10) of Appendix I. 

P r e s s u r e  Jump 

There a r e  two integrals involved in the p re s su re  jump expres-  

sion, Eq. (IV.3). The f i r s t ,  I (s) ,  which is defined before Eq. (2.10) of 

Appendix I ,  can be written 

(111.4) 

This is  simply an  integration of atmospheric variables between a i rc raf t  

altitude and altitude z.  

another atmospheric variable which can be derived f rom input data. 

Therefore the quantity, I, can be considered as 
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In o r d e r  to evaluate Eq. (111.4). the density, p o ,  was expressed in 

terms of p re s su re  and sound speed 

The second integral  in the p re s su re  jump expression 

is evaluated in the form 

J = f - -  ds dz 
dz B 

h 

(111.5) 

The quantity B, defined in Appendix 1, is 

where A is defined in Eq. (111.2). Because the r ay  tube a r e a ,  A, vanishes 

a t  z = h ,  the integrand of Eq. (111.5) becomes infinite at that point. 

singularity is integrable, however a l i t t le c a r e  is required to do i t  on 

a computer.  

This 

F i r s t  the integrand in Eq. (111.5) is written 

and then the integral  is written 
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(111.6) 

By using Eq. (111.2), Eq. (3.10) of Appendix I, and the definition of B 

(recalling I ( z  ) = 1) h 

1 / 2  
sec  v 

Q ( z h ) = - [  ah 3 ph "1 (111.7) 

= Zh' The integrand in Eq. (111.6) now vanishes at the initial point z 

Aircraft  Lift and Volume 

The main interest  in this study is to determine atmospheric and 

acceleration effects on shock propagation. 

craft l i f t  and volume calculations a r e  omitted. 

asymptotic in the sense that it is applicable only a t  sufficient distance 

f rom the aircraf t ,  a t e r m  which gives essentially only the far field 

effects of lift and volume is included. 

Therefore details of the air-  

Since the theory is 

The boom due to volume, for  a uniform atmophere,  (see e.g., 

Eq. 44 of R.ef. 4 ,  Appendix I) is 

n 
( 111.8 ) 

2 
If a r e a  S is normalized with respect to (L/FR.) 

length and FR.  = fineness ratio = (length/max diameter) ,  and distance] 

q ,  measured along a i rc raf t  axis i s  normalized with respect to L, 
Eq. (111.8) can be written 

where L = a i rc raf t  
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The volume factor V F  var ies ,  approximately, f rom .55 to .80, depending 

on the a i r c ra f t  considered. 

F o r  a uniform atmosphere Eq. IV.  3 reduces to (after letting 

K = Kv) 

* I  P volume = 

Equating the above two equations leads to 

- M3l4 4-z 
Kv - ( M 2 -  1)l /4 

L3'4 (VF) 
FR 

(111.10) 

F o r  lifting effects \deet e .g .  Eq. (49) of Ref. 6, ..ppendix 1)  the 

boom overpr e s sur  e i s  
'I2 

9 P v (  M 2 - 1) 3/8 
314 { i l G ( q ) d q }  

h 
P 

2 xtl 

where 

and 
P.. 

(nI. 1 1) 
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The quantity S' i s  essentially loading along a spanwise s t r ip ,  and the inte- 

gration i n  Eq. (111.11) is  a summation of the "loading sources".  

integrals  in Eq. (111.1 1 )  a r e  made dimensionless a s ~ f o l l o w s  

If the 

- (a i rc raf t  weight) - 
AP 

wr 
(WS)(WC) (wing span)(wing chord)  A p  = Ap = 

q , e  = (WC):, ( W C ) f  ; Eq. (111.11) can be wri t ten 

(111.12 ) 

The lift factor L F  va r i e s ,  approximately, f rom . 5  to .6. 
Equating Eq. (111.9), with KL instead of K , to Eq. (111.12) l eads  to 

V' 

In order to combine the lift and volume effects, i t  should be noted 

that the integrals of F and G ,  in Eqs .  111.8 and 11, should be added and 

not KL and Kv. This can be accomplished by letting 

(111.13) 

The SBCP determines the p re s su re  ra t io  a c r o s s  the shock by using 

Eq. IV.3, with K defined above. 

the shock is multiplied by a reflection constant, RC,  which equals 1.8 - 2.0, 

approximately, 

At the ground the p re s su re  rat io  a c r o s s  
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Shock- Ground Inter section 

As indicated in Appendix 1, the origin of the ray  coordinate system 

The ray-ground intersection mus t  move with the wind at a i rcraf t  altitude. 

(x , y  ) a r e  related to fixed (aircraft  wind) axes  through Eqs. ( 3 . 1 3 )  and 
g g  

(3.14) of Appendix 1: 

= X  COS 8 -  s i n @ + U  t 

= X  s i n e i - y  cos 8 + V  t 
g g yg h g  

X 

Y 
h g  g g g 

t 
g 

vh 

h 
V 

= t ime for r a y  to reach ground 

= headwind at a i rc raf t  altitude 

= sidewind at a i rc raf t  altitude 

(111.14) 

The a i rc raf t  ground speed, V is given by 
g’  

The vertex of the shock i s  given by the coordinates of r a y  

directly below the a i rc raf t ,  and other points on the shock a r e  determined 

by projecting back the remaining ray-ground intersection points. 

the fixed coordinate system, to which all this  is re fer red ,  is aligned with 

the a i rc raf t  air velocity vector and not the ground speed vector the pro- 

jection is car r ied  out as  follows: 

Q RavGround Points 

= 0, 

Since 
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The shock maintains i t s  shape (changes in Mach number due to accel-  

eration a r e  neglected) as i t  moves in the V 

shock' (Xs, Y ) a r e  re lated to r a y  points by projecting back the distance D 

as  indicated in Eq. (3.15) in Appendix 1. 

direction. Therefore  points on the 
g 

The relations a r e  
S 

= X ~ D c o s C Y  
*S g 

TR 89 16 
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111.2 PR.OGRAM SYMBOLS (FORTRAN)  

I 

The altitudes a r e  numbered: highest altitude, K = 1; lowest 

altitude, K = K E N D = f i r s t  number on control card.  The atmospheric 

variables a r e  

Z(1 ,K)  = 

Z ( 2 ,  K) = 
Z ( 3 ,  K) = 

Z ( 4 ,  K )  = 

Z ( 5 ,  K )  = 

Z ( 6 ,  K )  = 
Z ( 7 ,  K) = 
Z ( 8 ,  K) = 

Z ( 9 ,  K) = 

w, , Eq. (3.2) in Appendix I 
p re s su re ,  po 

sound speed,. a, 

relative wind along x axis, uo 

relative wind along y axis ,  vo 

I, Eq. (111.4) 

altitude 

a i rc raf t  headwind 

a i rc raf t  s idewind 

S (J), J = 1 to 9 = values of the above Z variables  obtained by interpolating 

between two input altitudes 

The angles a r e  numbered in  the o rde r  that they were entered 

onto the input angle cards .  

N = N E  N D (second entry on control card) ,  corresponds to the last 

angle. In the SBCP the angles a r e  denoted 

PHI  (N) 

DATA(N,J) 

DATA(N,l)  = pressure  jump ac ross  shock 

DATA (N,2 )  = X shock coordinate 

DATA(N,3) = Y shock coordinate 

DATA (N,4) = shock propagation t ime between a i r c ra f t  and ground 

W(1), Z ( l ) ,  Y ( l ) ,  AY(1) = parameters  f o r  evaluating Eq. (111.5) 

W ( 2 ) , X ( 2 ) ,  Y (2),  AY(2) = parameters  f o r  evaluating Eq. (111.1) f i r s t  eqn. 

W (3) ,  X(3), Y(3), AY(3) = parameters  fo r  evaluating Eq. (111.1) second eqn. 

W (4), X ( 4 ) ,  Y(4), AY(4) = parameters  f o r  evaluating Eq. (III.l) third eqn. 

W ( 5 ) ,  X(5), Y(5), AY(5) = parameters  fo r  evaluating a i r c ra f t  acce le ra-  
tion t e rm in Eq. (111.2) 

W ( 6 ) ,  X(6), Y(6), AY(6) = parameters  fo r  evaluating the las t  integral  
in Eq. (111.2) 

N = 1, corresponds to  the first angle, . . . , 

N = 1 to N E N D  

a r e  output data corresponding to angle N 
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PJ (1) 

PJ (2) 

PJ (3) 

PJ (4) 

PJ (5) 

PJ ( 6 )  

ACC 

A F  

ALT 

APR. 

AVS 

B 

BONG 

BSA 

BSC 

BSV 

C 

c1 

c2 

DL 

E L  

ELH 

EM 

EN 

FL 

G 

H 

HH 

NN 

N V  

P R. 

Q(J) ,  J = 1 , 5  = 

altitude of point on r ay  path 

X coordinate of point on r a y  path 

Y coordinate of point on r a y  path 

shock p res su re  rat io  of point on r a y  path 

shock p res su re  jump of point on r a y  path 

atmospheric  p re s su re  of point on r a y  path 

air c raft a c c e le  r a t  ion 

ray  tube a r e a  Eq. (111.2) 

a i r c ra f t  altitude 

previous p re s su re  rat io  

shock velocity 

a parameter  

a i rc raf t  length 

a i rc raf t  lift t e r m  

a i r c ra f t  shape t e r m  Eq. (111.13) without Mach number 
t e r m  

a i r c ra f t  volume t e r m  

Snellls constant = - I va I cos e 
Va / (M (M2- 1)"; 1 
BSC (4M3/(MZ - 1) 25 

integration s tep s ize  

r a y  x direction cosine 

x direction cosine of r a y ,  initially 

a i rc raf t  Mach number 

r ay  y direction cosine 

lift factor 

= Eq. (IV.5) - 1/4 
P h )  

the negative of the y direction cosine of the r a y ,  initially 

1/H 
number corresponding to angle for output data 

number corresponding to angle 9 = 0 

p res su re  rat io  

pa rame te r s  
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RC - - shock-ground reflection constant 

R1 - - Q(za) in Eq. (111.7) 

R.2 - - - (ds/dz) 
STH - 
T - - aircraf t  fineness ratio 

TEST - - a parameter  

U - - wind speed, uo 

V F  - - volume factor 

V P  - - derivative of shock velocity 

vs - - shock velocity 

WL - - aircraf t  wing chord 

WT - - a i rc raf t  wieght 

sin 0 - 

111.3 SUBROUTINES 

In this subsection the various par t s  of the SBCP will be discussed. 

'The program consists of a main part with six subroutines. 

SUBROUTINE ALTA 

The first subroutine encountered is called ALTA. There is a r e -  

striction on the input data, that is the a i rc raf t  altitude must be grea te r  

than the ground and l e s s  than o r  equal to the highest atmospheric data 

point. As the atmospheric data is  read in by the computer, highest 

altitude f i r s t ,  they a r e  numbered in sequential o rder .  In subroutine 

ALTA the location of the a i rc raf t  altitude relative to the input altitude 

sequence is determined. 

altitude in the sequence and all atmospheric data sequences a r e  re-num- 

bered starting a t  the a i rc raf t  altitude and going down to the ground. 

SUBROU I'INE ONE 

The aircraft altitude is then made the first 

In this subroutine initial conditions for all integrations and de- 

termined. Also, wind components relative to the r a y  coordinate sys tem 

(see Appendix 1 )  a r e  computed. 

Eq. (111.4) is determined. 

In addition, the variable I (2) given in  
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SUBROUTINE MID 

All integrations a r e  ca r r i ed  out by using the trapezoidal method. 

Some integration points fall a t  altitudes between the input alt i tudes.  In 

Subroutine MID a l inear  interpolation is ca r r i ed  out to determine a tmos-  

pheric data at the points between the tabulated alt i tudes.  

SUBROUTINE LINT 

In this and the following two subroutines the integrations which a r e  

required f o r  location of the shock and determination of the p re s su re  jump 

a c r o s s  the shock a r e  ca r r i ed  out. F o r  the f i r s t  100 body lengths f rom the 

a i rc raf t  only the shock location is determined; some of the integrations in- 

volved in the p re s su re  jump expression a r e  ca r r i ed  out, however no shock 

overpressures  a r e  computed. 

puted the true shock velocity is not known; therefore ,  in this initial region 

i t  is assumed that the shock propagates a t  acoustic speed. 

Since the shock overpressure  i s  not com- 

The integrations over the f i r s t  100 body lengths a r e  ca r r i ed  out i n  

In LINT the integrals a r e  evaluated by means  subroutines LINT and FIN. 

of the trapezoidal method, with a s tep s ize  equal to the spacing of input 

atmospheric data. 

above the altitude 100 body lengths from the a i rc raf t .  

This is ca r r i ed  out to the input altitude which is just  

If the a i r c ra f t  altitude is the only input data point above that altitude 

which is 100 body lengths below the a i rc raf t ,  subroutine LINT is bypassed. 

F o r  this case the integration over the f i r s t  100 body lengths is ca r r i ed  out 

in  subroutine FIN. 

SUBROUTINE F I N  

In this subroutine the shock location and overpressure  integrals a r e  

evaluated between the altitude 100 body lengths f rom the a i r c ra f t  and the 

input altitude immediately above it. Upon completion of this  integration 

shock overpressure and velocity a r e  computed for the f i r s t  t ime.  

At the end of this subroutine the s tep s ize  for the remaining integra-  

t ions,  which continue until the ground is reached, is computed. 

s ize  is se t  a t  one quar te r  of the smallest  input altitude spacing. 
This  step 

TR 89 20  



SUBROUTINE INTEC 

The shock location and overpressure integrals  a r e  determined in  

this  subroutine using actual shock velocities. 

i terat ion process  has  been introduced, this is because the overpressure  

integrals  is of the fo rm.  

In o rde r  to do this a n  

P ( Z )  = f f ( z , p  ( z ) )  d z  
h 

Since the p re s su re  at the point to be computed is on both the right I 

and lef t  hand s ides  of the above equation a n  i teration process  is requi red  

to determine it. When two successive p re s su res ,  at a given point, ag ree  

to  within one percent this value is assumed to be the co r rec t  value. 

It can be shown (Ref. 10 of Appendix 1 )  that a more  accurate  expression 

for the r a y  tube a r e a  than that given in Eq. 111.2 involves integrals  along the 

shock front. 

flow propert ies  in each r a y  tube to be independent of proper t ies  in adjacent 

r a y  tubes. 

a r e  not possible. 

buildup of r a y  tube a r e a  in opposition to a decrease  in r a y  tube a r e a  such as 

would occur for  a n  accelerating aircraf t .  However these integrals  a r e  only 

important when the shock front curvature is la rge ,  which occurs  nea r  the 

A limitation of the present r a y  tube approach is that it a s s u m e s  

Therefore integrals  along the shock front,  through r a y  tubes,  

The effect  of these (omitted) integrals  is to cause a 

"cusp point" on the shock front. At this point these integrals  increase  in 

value until they cancel the a i rc raf t  accelerat ion t e r m  in the r a y  tube a r e a  

expression, Eq. 11.2. 

the a i rc raf t  accelerat ion t e r m  equal to  zero  a t ,  o r  near  the cusp point. 

MAIN PROGRAM 

This behavior is taken ca re  of in the SBCP by setting 

In this par t  of the SBCP input, output and cer ta in  decision making 

The most important of the decisions made is operations a r e  ca r r i ed  out. 

that  associated with the i terat ion t o  determine the shock ove rp res su re ,  

descr ibed under SUBROUTINE INTEG above. This  i terat ion is ca r r i ed  out 
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12 t imes.  If, a f te r  this ,  the p re s su res  still do not ag ree  to within one 

percent the integration s tep size is cut in  half and the procedure is s ta r ted  

over again. 

is 5 feet  or l e s s .  

thing wrong, either with the theory,  the data,  o r  the computer. 

This is continued, if necessary ,  until the integration s tep s ize  

When this  occurs  the computation stops as there  is some-  

Acoustical cutoff is assumed to occur when the shock front is within 

approximately 2.5 degrees  of being normal  to the horizontal direction. 

this occurs within 100 body lengths of the a i r c ra f t ,  the altitude and the r a y  

direction being considered is printed out. 

lengths from the a i r c ra f t  shock overpressure  data is also printed out, 

If 

If cutoff occurs  below 100 body 

The l a s t  thing the program does is  to compute the ground-shock data. 

After this is printed out the program either stops o r  reads  in  new data i f  

there  is any (last entry on control cr;rd). 

SUBROUTINE CORR 
Here the location of the second flight path point used for  climbing 

o r  diving curved maneuvers is determined. 

this point is necessary  for  locating the ground-shock intersection. 

As described in Appendix I V ,  

SUBROUTINE SORT 

In this subroutine, used only for  diving and climbing flight paths,  

the ground-shock intersection is determined. Also, the resul ts  of the 

computation a r e  printed out. The details are  given in Appendix I V .  
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SECTION IV 

IMPROVEMENTS TO THE THEORY 

The general theory i s  given in Appendix I ,  however, since the 

publication of that theory several  improvements have been made. 

improvements a r e  given in this section. 

These 

IV.1 THE PRESSURE JUMP EXPRESSION 
There is a certain amount of a rb i t ra r iness  in the dimensional 

A scaling of the p re s su re  jump expression, Eq. (2.16) of Appendix I. 

more  detailed discussion wi l l  be given here .  

Equation (2.13) of Appendix I can be written 

L 

{ iO%Y 0 

(IV. 1) 

That is L = Lo when s = so.  The natural initial condition, L = 0 a t  

s = 0 ,  is automatically taken care  of by the above solution. (The 

differential equation for  L is singular a t  the initial point, hence the 

initial point cannot be used to pr escribe initial conditions. ) 

Substituting the above r e s u l t  into the top line of Eq. (2.14), 

Appendix I 

To determine Lo we assume a uniform atmosphere and equate Eq. (IV.2) 

to Eq. (2.151, Appendix I 
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Therefore 

where r so 

L o  

It should be noted that G(so)  depends on the quantity so  which 

has  not yet been determined. B y  letting 
S 

ds , d~ = -  ds  
( r =  1, 

0 

we have 

average over distance uo 

B y  letting uo approach zero ,  o r  the a i rc raf t  altitude, wo = 0 ,  I = 1, we 

obtain 

(IV.5) 

It has  been found that using the value of G given in Eq. (IV.5) leads to 

good agreement with field tes t  data.  Therefore ,  Eq. (IV. 3) has been 

used in  the SBCP with G ( s o )  defined in Eq. (IV.5). 

TR 89 24 



By using the approach described in this section, one need not 

s t a r t  off with dimensionless variables,  as descr ibed below Eq. (2.1), 
Appendix 1. 

IV.2 RAY TUBE AREA 

The derivation of a n  expression for the r a y  tube a r e a ,  given in Part 

4 of Appendix 1, has  been improved. 

crude and a bet ter  approximation is given below 

It was found that Eq. (4.4) was too 

E 
I 

The change in distance between rays ,  Ad, due to a change in slope, 

Av, i n  a distance A s  along the r a y  is 

A d  = A v A s  

Integrating this along the r a y  

d =4, t h v d s  (IV.6) 
0 

where % =  I V a l A t  cos 8 cos vh (IV. 7)  

The quantity Av will be considered to be made up of two pa r t s  

A V  = A I  v + A2 v (IV.8) 

The first par t ,  AI  v ,  is the initial difference between the slope of the two 

r ays  caused by a i rc raf t  acceleration. The second par t ,  A2 v ,  is a change 
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in slope due to the interrelation between the shock strength and r a y  tube 

a r e a .  

Using Eq. (3.9) of Appendix 1, at the a i r c ra f t  altitude, assuming 

h V = a  
S 

and hence 

COS 4 C O S  e 
a a  M ~ T F = ~  

A , v =  - A V  

h 

Variations along the r a y  a r e  given by A, V ,  this is determined from 

vs 
sin ” = v a c o s  8 t ug 

and leads to 

A, v = tan v 

As in Appendix 1,  Part 4, we le t  

( IV.9)  

( IV.  10) 

A N  z d  (IV. 11) 

Combining Eqs. (IV.6 - 1 l ) ,  we obtain af ter  some algebraic simplification 

of the acceleration t e r m  

9 

- sin v h sec  v va 
M ( M Z -  I ) +  v a c o s  e 

0 

( IV.  12) 

Actually, a different approach based on the theory given in Ref. 10 

of Appendix 1 will give a more  cor rec t  resul t .  

plexity of that approach it is felt  that i t s  inclusion is not justified at this t ime.  

An attempt is now being made to simplify this theory in order  to incorporate 

it into the present r ay  tube approach. 

However because of the com- 
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APPENDIX I *  

ni.i.t 
AN 
‘ Q  

EFFECTS O F  ATMOSPHERE AND AIRCRAFT MOTION ON THE 
LOCATION AND INTENSITY O F  A SONIC BOOM 

In the prenent paper the problem of a shock propagating through a variable atmosphere 1s 
considered, and a rather complete treatment is presented. Techniques are given which permit 
the calculation of shock strength and loeation as a function of i ts  initial configuration, the 
atmosphere through which it has propagated, and the distance it traveled. A specific appliu- 
tion of th is  theory is made in  considering the “sonic boom” caused by a supersonic aircraft. 
Problems such as complete acoustic refraction and/or aceeleratinE aircraft, which &e riec to 
shoekconfigurations that are concave to thedirection of propagation. arediecussed. Attempb 
a t  solving these problems by acoustic techniques sometimes lead to physically unrealistic 
situntions inrdving cusped shocks of high intensity. It is shown that when an approxima- 
tion, better than the acoustic one, is used th- difficulties arc m l v e d .  

Nomenclature 

sound speed 
ray-tube cross-eection area 
(0. + m)’ I ( 8 )  lApt/aol 1’1 

Snell’s conatant 
projected aircraft travel distance, in 

ray-tube energysource term 
gravity componpnt along ray tube 
altitude 

axis 

X 

Xf 
Y 
Y 

time At, along z Y ,  
2 

Z 
Zf 
Y ’ m1Pa - I(r - 1)/2lwPor* 

wave-front normal, I direction cosine 
correction for wave-front position 
wave-front normal, y direction cosine 
Mach number 
ray-tube maswource term 
wave-front normal, z direction cosine 

= direction cosines of wave-front normal 
= perpendicular distance between wave-front surfacea 
0 (h i ’ ) ’ ‘*  

, P  = p-ure 
T = radial distance 
R = bodyshape factor 
8 = distance alongray 
S(v) = croea-aection area of aircraft 
f = time 
k = time for vertex ray to reach ground 
U = wind speed in X direction 
u li- wind speed in z direction 
UI = wind speed in 2 direction relative to speed at aircraft 

V = wind speed in Y direction 
u = wind speed in y direction 
vr = wind speed in y direction relative to speed at  aircraft d- 

titude 
V. = aircraftairspeed v, = aircraft ground speed 

w 

altitude 

Vr = shockspeed 
= particle velocity along ray 
= rayrtwdinate 

4. 

= axis along direction of aircraft motion, moving with 

= axis along direction of aircraft motion, eed 
= raycoordinate 
= horizontal axis perpendicular to X, moving witb wind 

= horizontal axis perpendicular to X, ked  
= vertical axis 
= vertical axia, moving with wind at aircraft altitude 
= vertical axis, fixed 
= ratio of specific heats 

wind at aircraft altitude 

at aircraft altitude 

A 
p = Machangle 

d 
9 
p = density 
e 
8 = BnglebetweenzandXaxes 
&v 

= initial angle between wave front normal and z tuig 

= angle between shock front and z axin 
= position of wave front in space and time 
= angular meaaurement about aircraft axis 

= position of shock front in space 

= distance along aircraft axis, measured from naee 
= point on aircraft axin where last charscteretr - ‘c of ox- 

panaion fan behind the shock leaves the body 

v 

w 

Subscripts 
f = fixed coordinate system 
h 
i ,  j,k 
ph 
0 
1,2 = first-, second-order perturbation 

= evaluated at initial, aircraft, altitude h 
= componenta in (i ,  j,k) direction 
= physical variable, with dimensions 
= atmospheric condition, lowest-order perturbation 

1. Introduction 

RATHER complete treatment of the sonic boom propa- A gation problem will be presented in this paper. First, 
techniques will be given permitting ahock-etrength deter- 
mination as a function of aircraft ahape, altitude, Mach 
number, and atmospheric wind temperature and pressure vari- 
ations. The shock-strength evaluation is based on a gendirs-  
tion of geometric acoustic ray-tube area concepts. Next, the 
acoustic ray-tracing equations are extended to describe shock 
propagation, and a method for determining the ahoek-ground 
intersection is given. Techniques developed are general 
enough that problems such 89 complete acoustic refraction 
and accelerating supersonic aircraft can be treated. 

T 

The following is a reproduction of a n  a r t ic le  which appeared in  AIAA 
Journal ,  Vol. 1, No. 6 ,  June 1963, p. 1327. 
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The first of tllcw prci l i l~~i i i s ,  c-oriiplrtt acoiistic rdrnction, 
occurs wlirn a & J \ V l i \ V : 1 ~ d  nio\irig ray is rcfrnc-trtl upward by 
atmospheric v:iriittioim. A t  tlic point of horizontnl slope, tlic 
wave front (norm:il to the ray) has a cuspcd sliapo, and two 
adjacent riiys will cross. Attcmptsl-s a t  dcscrihiiig t,his situn- 
tion by means coniplctdy tlrpc.iirlrnt on acoustirs can lead 
to some physic:nlly unrcdistic rcsillts. Gcomrtrical acoustic 
theory, \~Iiicli describes the \rave amplitude (or shock 
strengt,h) ns being inverscly proportional to the square root 
of the ray-tube cros?-srction arca, \vi11 predict an  infinite 
amplitude at points wlicre rrtys cross, corresponding to  zero- 
tirbe area. This is a physically unrralistic result; in fact, the 
use of acoiistic theory which is prcdicatcd on small amplitude 
pcrturlintions is highly questionable for this situ a t‘ ion. 

The second problem concerns tlie nave front caused by an  
accelerating supersonic aircraft. For this case acoustic theory 
shows the wave front to be conrave to its direction of propaga- 
tion anrl the rays, if extcndcd far enough, to  intersect. A t  
the point of interscction, crisped shocks of infinite strength 
are predicted.’, 8 The forcgoing comments on the acoustic 
refraction prolilem, apply equally to this problem. 

The key to handling bot.h these problems is in treatment of 
the ray-tube area. . Acoustic approaches always have the 
front propagating at local sound spced and the rays dcpendent 
on ambient atmospheric conditions. For the present approach 
the front propagates at shock speed, and a relation between 
the rays and the shock strcngth is obtained. 13y means of this 
relation i t  is shown that an  increase in shock strength will 
cause the m y  tube to diverge; this diverging, in turn, will 
inhibit further increases in strength until finally an  equilib- 
rium configuration is attained. 

Whitham‘, 6 developed a theory, for describing real shock 
propagation, which includes first- order acoustic terms and 
second-order nonlinear tcrms. In  Whitham’s and other 
works’-* based on his, the assumption had been made that 
the disturbances are propagating through a uniform at- 
mosphere. This restriction will be removed, and the solution 
to the varying atmosphere prol~lcm will be given in Sec. 2. 
Expressions will be derived there which show the dependence 
of shock strength on atmospheric conditions anrl distance 
traveled. Thcse results then will be combined with Whitham’s 
to relate the shock to aircraft spccd and shape. 

In  SCC. 3 the acoustic ray-tracing equations, which are dc- 
rived in thc Appendix, and their relation to the aircraft co- 
ordinate systcm is discussed. Thcse equations are then al- 
tered to include true shock-propagation speeds instead of 
acoustic speeds. In addition, a technique is presented for de- 
termining the locus of the shock-ground intersection. 

The ray-tube arca is discussed in Sec. 4. An expression is 
developed which reduces to Whitham’sb for steady flight in a 
uniform atmosphere, and which reduces to  Rao’s7 for ac- 
celerating flight in a uniform atmosphere. This expression is 
more general than that usrd by either of thrsc two authors in 
that i t  includes a term th:it givrs the effcct of shork-propaga- 
tion speed on ray-tube arw. 

In  Refs. 1 0  and 1 1 ,  Whitham uses an  expression relating 
shock strength (-propagation spccd) and ray-tube a r m  He 
shows that converging rays, such as are associated with a 
concave propagating shork, will cause the ray-tube area to 
decrease. This dccrcnsc \ d l  in turn induce i i  stron1;cr shock 
that propagatcs fnstcr. l‘he faster propagation of tile con~ave  
part of the shock will triitl to flnttcn the shock sh: pc unt.il a 
stable configuration is nttainrd. Whitham’s theory invoIves 
disturbances propagating along the shock front; this, how- 
ever, cannot be includrd in the prcscnt ray-tulw analysis 
since the basic assumption here is that the shock 1iropag:ites 
down each tube indepcndcnt of tlie adjoining tubes. The 
result of the prrscnt theory is, howevcr, similar to IYhithain’s 
in that as the tubc area dccrwscs thc shock strength will in- 
crease, which will then came thc rays to tlivergr. This diwr- 
gence induces an incrcnse in tul)e arca until firially nn cquili1)- 
rium between the tribe area arid shock strength is nttninrtl. 
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Onc of tlir niain dif1iciiltic.s iii pwswtiiig this tlicory is the 
iritrrclrprntlc~ice bc.t\vcrn the thrcc parts of tlie problems; 
shock strength, sliock lociition, and ray-tube arca. It is 
hoped that the drvelopmrnt is rcnsonably logical and that the 
cross reforenring within the pxpcr docs not, prove too distract- 
ing. A brief summarizing outline of the rrsults will lie given 
in Sec. 5.2. 

2. Shock Strength 

2.1 Shock Strciiptli niict Atiiiosplieric Variiitioris 

Assume the shock is propagating through an  atmosphere in 
which there may bc pressure, density, sound speed, and wind 
variations with altitude but not with time. Two frames of 
reference will be uscd in this problem. The first is a moving 
reference frame in which the coordinate systcm travels with 
tlie wind at aircraft altitude. As far as the shock is eon- 
cerned, its strength will be affccted by the gradients of wind, 
temperature, anti density relative to  where tlie shock starts. 
Consider an  aircraft moving at a givcn Mach number and 
altitude in a uniform still atmosphere and again in a uniform 
moving atmosphere; the strength of the shock as i t  reaches 
the ground will be the same for both cascs. However, to  an  
observer on thc ground (in a fixed reference frame) the total 
shock distance traveled will be different. This difference is 
due, in the one case, t o  convection of the shock by the uniform 
wind. In  computing the shock strength as a function of dis- 
tance traveled one would expcct that  the further the shock 
propagates from its source, tlie greater will be its attenuation. 
However, in the problem just posed the two shocks travel 
different distances but still must have the same strength 
upon arrival at the ground. This apparent paradox is re- 
solved by measuring shock travel distance relative to a coor- 
dinate system moving with the wind at aircraft altitude. 

The second frame of reference is fixed with respect to the 
ground and is used only when the shock-ground intersection 
is computed, in Sec. 3.3. The authors therefore will assume, 
unless otherwise indicated, that  the coordinate system is 
moving with the wind, and, hence, all velocities are relative 
to the wind velocity at aircraft altitude. 

The equations for conservation of mass, momentum, and 
energy along a ray tube are 

P f  + tup .  + pw. + ( p w A . / A )  = Af(S) 

w: + ww, + ( l / P ) P .  = G(s) 

( P :  + WP,) - ( - Y P / P ) ( P r  + WP.)  = E(s)  

Here p ,  zu, p ,  ‘4 = A (s), s are density, particle velocity along the 
ray, pressure, ray-tube cross-section area, and distance along 
the ray. M ( s )  and E ( s )  are mass and energy source terms, 
and G(s)  is the component, of gravity along the ray. The 
varialhs are assumed to be dim~nsionless; their relation to 
physical variables is as follows: 

(2.1) 

SUI ,  = SI1 tp t ,  = At/ah 

P I A  = p p h  U’ph = f l h z I )  PPI, = p I a h * p  

Constants p n  and are density and sound speed evaluated at 
altitiidr h.  

Within the prcscnt theory the sliock propagates down a ray 
tube perpendicular to the sides of the tube. Hence the flow 
within the tube, induced by shock motion, will remain inside 
the tube provided there is no gradient in the cross wind; for 
this raw mass and energy flux through R ray tube, M ( 3 )  and 
K(s)  are both zcro. When there is a cross wind, M(8) and 
E ( s )  are not zcro, their form being quite complicated since 
they involve derivatives of the flow variables in the direction 
normal to the ray. 

The ray-tube area term, A, ,  was shown by Whitham’ (see 
a l ~ o  Scc. 4 1 )  to be proportional to dishnce, s, along the ray 



for uniform flight in n uniforni ntniosphrrr. Ilc thrn pmrral- 
ited this dcfinitiori' to nccount for an arcrlcrnting nircraft. 
This will bc gcnrralizrd still further in SCC. 4, to  account for 
a varying ntmosphrrc as \vel1 as aircraft nrrrlcrntion. 

Thc qunntities IS(s) nnd A f ( s )  rnn bc simplified by noting 
that thcy rrprrscnt mass and energy source terms, Le., mass 
and energy bring convcctcd into a ray tube by the wind. 
This mass and energy will consist of atmospheric plus pcr- 
turbation terms. For the present theory, only the convected 
atmosphrric terms will be included. Neglccting the con- 
vected perturbntion terms is in kceping with the assumption 
that the prop'agation of the disturbance down each ray tube 
can be trcntrd separately. Since there is no mass or energy 
created, the quantities E(8) and M ( 8 )  are equated to the 
zeroth-order [see F%p. (2.2)] atmosphcrie terms on the left- 
hand side of Eqs. ( 2 4 ,  insuring that atmospheric mass and 
energy arc conserved. 

The solution to F ~ s .  (2.1) will be assumcd to take the form 
of a perturbation on atmospheric conditions: 

p 

p 

= po + PI(1 - a) + p 4 l  - a)' + . . . 
= Po + PI(1 - a)  + p2(1 - a)' + . . . 

w = wo + W l ( t  - a) + w,(l - a)' + . . . 
(2.2) 

In Qs. (2.2) atmoipheric terms arr zwoth ordrr and arc as- 
sumed to tlrpcnd only on distance s. The amplitudes pI, p ,  
pI ,  etr. arc to be drtermincd; they also dcpend only on u. 
Time depcntlrnre is introduced through the function (t - a). 
The quantity a, a function of s, is equal to e/% in a uniform 
atmosphrrr; howvcr, i t  is unknown in a nonuniform a t  
mosphere. Curves (t - a) = const give the positions of the 
wave front in space. The form given in Eqs. (2.2) is valid for 
small valrirs of (1 - a), i.e., for points near the wave front 
(the scaling iq n.wimd to IF such that t = 0 corresponds to 
uor a = 0).  

Dcrivativrs of the functions in Eqs. (2.2) take the following 
form 

p t  = PI + 2p& - a )  + . . . 
P. = Po* + PI& - a)  - a.lp1 + 2 p 4  - a)] + . . . ctf. 

Substituting these into the energy rquntion one obtains for 
lowcst-ordrr terms 

~ l o p o .  + PI(1 - woo.) - (ypo/pp)[wopo* + 
PI(1 - woa.)l = E(s)  

or 

PI = (YPo/Po)Pl 

The quantity E(P) vanishcs cithrr if tuo = 0 or if the at- 
mosphere is isentropir, po - p o ~ .  

Using Eqs. (2.2) and thr rcsa1t.s of Eqs. (2.3), onc obtains for 
the mass and monwntum equations, rrsprctivrly, zeroth-, 
first-, and sccontl-ortlor rquations: 

and 

UJowOa + (l/po)Po* = C(.4 

lodl - woo.) - (Pl/Pob* = 0 

(2.6) 

2Wdl - ma,) - (2/PO)PlU* + w,(m. - w d  + 
toor01. +  PO) h a  - ( P I / Y P O ) ( ~ ~  - PIC*) J 0 

The Eeroth-order equation in (2.4) defines M (u)  

M(8)  = W O ~  + ~ W O .  + wAJA 

The first-order equations in (2.4) and (2.5) are homogeneoua 
simultaneous equations for to1 and PI. Jn order to have a 
nonzero solution the determinant of coefficients must be 
sero, i.e.. 

(Ypo/Po)a** - (1 - w*)' = 0 

a* = [*l/(ao * wo)l 
[The first equation in (2.6) corresponds to the eikonal equa- 
tion of optics.] Take the plus sign in Eqs. (2.6) since this 
represents outgoing waves, that  is, waves propagating in the 
+e direction. Using Qs. (2.6) one has 

PI = tYPO/aO)WI (2.7) 

(2.6) 
or 

and, differentiating, this gives 

( - 5) (2.8) YPI 
a0 +, 

PI. = - WI. 

The quantities pz and wz can be eliminated by multiplying 
the third equation in (2.5) by ypo/uo, adding i t  to the third 
equation in (2.4), and using (2.6). After substitution of pt in 
terms of tuI by using Eqs. (2.7) and (2.8), the resulting dif- 
ferential equation is 

+ 

Po(t00 + a01 

nefore integrating Ek+ (2.9) some comments on the theory 
and results can he made. The lowest-order perturbation rela- 
tion is that  given in Eq. (2.7); this corresponds to acoustic or 
weak shock theory. The next result is obtained by omitting 
the nonlinear wl* term in &. (2.9); this corresponda to the 
theory of geometrical acoustics which is the next order (but 
not nonlinear) improvement. It can be shown that, thii 
equation agrees with Eq. (56) of Ref. 9 to term O(uQ/a,*). 
For an isothermal atmosphere with no winds, ah - roo - 0, 
and E!. (2.9) (neglecting wl*) integrates to LOI(A~O)~'* = 
const. Using Eq. (2.7), this can be written in the form now 
commonly used to give a correction for varying atmospheric 
pressure to sonic boom strength estimates 

By retaining the wl* term in Eq. (2.9) an  improvement to 
geometrical avoustics is obtained. This is the best that  can be 
done without involving entropy losses, which are third-order 
perturbation effects. Equation (2.9) can b integrated after 
introdbcing the function I(s), where 
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local pressure, the resulting integral is 

Equation (2.10) relates the perturbation strength to dis- 
tance along the ray* the shock from the 
aircraft the cuniulative eflect of the expansion wave be- 
hind the shock wave is felt. It is scen4~ 6 that  this is what 

(2.10). The expansion wave, in turn, is dependent on hody 

strength and aircraft body shape will be determined. 

The constant R, which contains the aircraft body-shape 
factor, is determined by comparing Eq. (2.14) to its counter- 
part, (13) of Ref. 5, This equation is 

K 

o All' 

causes the attenuation represented by the intcgral in Eq. PI - Po = 
,4112 ($' &)'" (2.16) 

Using Eqs. (54) and (13) of Ref. 5 (the y in the former equa- 
tion should be in the numerator), 

K = [??? so" F(T')dT']  I / '  

Rhape. In the next section the relation between shock 

2.2 

For acoustical theory the wave-fronl position can be given 
by 1 - u(s) = const; however, i t  is possible, within the 
present improved theory to obtain a better prediction of 
shock position. Assume the shock location along a ray can 
be given by 1 - u(s) - --L(8). The quantity L(s )  is the 
correction of the present theory over acoustic theory. If one 

Shock Strength and Aircraft Shnpo 

r + l  
TM'J 

y + 1 2'1' (M' - 1)1 / *  
X 

lets V. denote shock velocity 

1/V. = (dl lds)  = (du/ds)  - (dL/ds)  = 

the h c t  that, to the piesent order of approximation, the 
shock Rpeed is the average of the propagation speeds in front 
of and behind the sliock:12 

V. - .).(wo + a0 + w + a) = wo + a0 + t (wl  + n J ( t  - a) 

Equation (2.15) was derived assuming a uniform atmosphere. 
To  reduce the results to this case, set po = po = a. = 1 and 
wo = 0 on the right-hand side of Eq. (2.14), obtaining 

[2y/(7 + 1)]R = Kh-'/' 
5 UO + a0 - .).(tuI + al)L(s)  

(2,121 The factor h-314 is to make the double integral dimensionless. 
Combining the foremcntioncd results, one has 

=. wo + a0 - Ky + 1)/41wJ(s) 

(2.16) 

or 

l/V. = W(w0 + a011 + [(y + 1)/41Iw1L/(w0 + ad2] 

In the foregoing eqiiation the quantity a1 was eliminated by 
using the weak shock identity [corresponding to Eq. (2.7)): 

a1 = ((7 - 1)/21Wl 
Equating Eqs. (2.11) and (2.12), and using Eq. (2.10) 

with 

Equation (2.16) gives the pressure jump across the shock, in a 
nonuniform atmosphere, as a function of distance travelrd, 
aircraft shape, and atmospheric variations. 

In order to determine the wind component wo along the 
ray, the position as well aq the slope of the ray Corresponding 
to distance s must be known. This will involve a simultancoua 
solving of the ray equations (given in the next section) and 
the shock-strength equation, (2.16). The exact expression 
for wo is given in Eqs. (3.2) or (3.11). IIowevcr, since wind 
variation is small in comparison to sound-sped magnitude, a 
simple approximation for wo can be made. One could, for 
example, assume tho ray to be u straight linc from its source to 
its destination and then let w0 be tho wind component along 
this line. The ray-tube area tcrm A is y r t  to be defined. This 
term will be discussed in Sw. 4.1. 

3. Hay Tracing and Shock IJocntion 
This is integrated to yield 

3.1 Acaiirtic Eqiautiorw 

I t  will be assumed that atmospheric sound speed a0 and the 
horizonbl winds (u,,,uo) in the (ZJ) clircctions arc functions of 
height z alone; the verticnl wind component will he ne- 
glected. If  the coordinate! system moves with the wind at 
aircraft altitutlc and is so nligncd that thc nornlal to  the wave 

I,(s) = R [l "1"' R = const (2.13) 

Using the firstorder relations in I*:qs. (2.2) nnd (2.7), and 
then substituting Eqs. (2.10) and (2.13) one olltains an cx- 
pression giving thc prcssiire jump ncroas the shock, rrlntivc to 

H ( S )  
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17 4 v.v front is parrillel to tile (TJ) pI:inc, thc acoustic ray equations 
(derivwl in Apprnclises A. l  and A.3) arc 

dl 1 = -  ._ d y  Ck 
. - _-- - cIx Ino + 110 

clz no# 112 nrb rlz n% 
- = -  

(3.1) 
a b  n P - ( l  - p ) I / t  c = -  
In 

The wind component along the rny now can be determined, 

( : 2)2 dx 
da ds wo = 110 - + & !9 = uo - + rC 

(3.2) 
lCO(ddd2) + uo(dy/dz) 
[(rlz/dz)2 + (dy/&)’ + 11”’ 

= 

tdno + ?do’ + b’ 

1%’ + UI? + rb’ + 2 ~ b J ’ ” .  

Geometric idcntitics will bc developed now by means of 
which the shock and ray cone, occurring for any physical 
problcm, will be related to the ray-tracing equations (3.1). 
What is requircd, for any selected ray, is the position of the 
(z,y,z) coordinates of Eqs. (3.1) rclative to the ( X , Y , Z )  air- 
craft-coordinntc system. The (z,y,z) shock-coordinate system 
has wind vclocitics (uo, b) in thc (x,y) directions: since this 
coordinate system movcs with the wind at the aircraft alti- 
tude, thc velocities (tb,Vo> relative to the system vanish at this 
altitude. The air-spcd vcctor is along the negative X axis. 

I t  is tawtimed that  d a h  nre dc”4rcd for rays spaced at anglm 
CP (sce Fig. 1) a lmi t  the axis of rotation (X axis). The ray- 
cone angle (= 90’’ - p where p = Mach angle) is set by the 
flight condition. All data are determined in terms of p and +. 
B is the nriglc tho wind components must bo rotated (about the 
Z axis) in order to iw,lined up with the (qy) coordinates, to 
which Eqs. (3.1) rcfrr. AI.=, since rotation is about the Z 
axis, z = Z. 

From the dcfinition of p, tnn(!)O’’ - p) = (W - I)’/’, 
hence one hns, from NE. 1, 

S = R sin+ tnnB = S/N 

’ 

h 

N = R/tan(9O0 - p)  

tan0 = t.an(Wo - p) s in9  = ( ’112 - I ) ” *  sin@ 

thercfore, 
1 (.osfj = _________ 

[ I  + (1112 - 1) sin2+]1/* 

(M2 - sin% (3.3) <i1,/j = ___ 
[ I  + ( J 1 2  - 1) sin2%]1/2 

IEt X bc the initial n i i ~ l c  lirtwrii the ray and thr positive z 
axis; t h rn  I A  = c*osX. ‘I’hc lInc*l i  numlicr and ray ariglc arc 
related to 1 A  ~7 follows: 

T = R cos9 I’ = S/sinO = R sin+/sinO 

tanX = T/P = c o t 9  sin0 

= ros+(.l/‘ - 1) ’ /* / [1  + (.112 - 1 )  siiiW]’/Z 

/i = r o d  = (--i,’.1/)[1 + ( . I / ?  - I )  s i n ? i ~ ] ” *  (3.4J 

I r t t ing ?to and tio br thc rcl:it.ivr wind romponcnts alcnz t.hr 
x and y nses, onr h n s  

ic0 = ( I T  - I : * )  (.(dl + (1. - 1‘J sin@ 

1 1 ~  = - ( r r  - I ; * )  sine + ( I -  - I’*) rose (:m 
where sine untl cos8 arc givrii i n  ICqs. (3.3). 

Sncll’s constnnt is 

c = crop c~valii:itccl at. t.hr iiiiti:il point 

= ar/cosX = - n J /  c-c,sfj (3.61 

aEND VIEW b) TOP VIEW 

Fig. 1 Initial ray-cone cmoniinatcn 

3.2 IniprovinR the Acourtic Fquationr 

In kecpinp with the theory ns a whole, sevcrnl parameters 
in I3q.s. (3.1) will he improved; however, the form of the 
equation will be retained. First the Ic~al sound-sped term a. 
will be replaced by the shock-propagation specd V.. This 
substitution can be uscd in both F ~ R .  (3.1) and (3.2). 

The use of shock-propagntion specd instcad of sound speed 
leaves the derivation of Snell’s law, as given in the Appendix, 
open to question. It will be shown now thnt a plane-propa- 
gating shock satisfies the same refractive law. Consider a 
shock propagating through a region in which atmospheric 
properties (Fig. 2) on either side of some horizontal line are 
uniform but different. The component along the x axis (Fig. 
2) of the incident shock velocity relative to the wind must 
equal that  of thc refrnctd shock. That  is both sections of 
the shock travel along the I axis n t  the same s p m l .  There- 
fore. 

(Vl./sinvl) - ut = (VzJsinvz) - us (3.7) 

This relation, which corre.sponds to Snell’s law, will be taken 
to hold all along the path of shock propagation. 

If one assumes now that  tho initial shock angle is prescribed 
by the Mach angle, one hm, after making the identification 
einv = -1, 

= -v. erne 

To obtaiii this ri.!stion Eqs. (3.31, (3.4) have limn u s d ,  and, 
at, thc initial Mach cone, = 0, V.h = ab. One seea then 
that, for any direction, the shock propagates at the same speed 
as the component of aircraft velocity in that  direction. Eq. 
(3.8) can he derived dircvtly from F4. (3.6) by simply replac- 
ing sound s lwd  by shock speed. In addition, the accuracy 
of Eq. (3.8) cnn be improvcd by using some of Whitham’s’ 
rrsrilk relating the initial shock properties to the body slope 
at the nose. 

In any cas?, Fq. (3.8) is of considerable importance in that  
it gives a relat,iori hctwecn tho ray angle and the shock velocity 
(or strength) V, ,  I*5 wrll ILS the nmhicnt atmospheric and 
initiul conditions, 

This rrlation vi11 Iw used in Ser. 4.1 for tlekrmining an  ex- 
prrssion for ray-tulw arra. 

Kqiiation.: (3.1) unrl (3.2) can hc rewritten with shock 
prcqiafiation sliretl iristend of sound sped, and with direction 
rci.;inru just dcfinccl : 

r l s  tlz = - [(:)’ + ( ~ ~ ) ’ +  11”’ (3.10) 



These eqcintiony must he intrKr:itrtl simri1t:ineorisly with 
the shock strength Eq. (2.16). Equations (3.10) furnish the 
shock location and propngntion tlistnnre s, while Eq. (2.16) 
furnishes the shock strength for determining V,.  Shock 
propagation speed ir rel:itrd to pressure jump as follows: 

V, = a0 [l + %('?)I (3.12) 

It should be noted that the V ,  used here, and in the rc- 
mnintler of this paper, is differrnt from that used in Eqs. (2.1 1 )  
and (2.12). In Sec. 2, V .  represented shock velocity rclative 
to a fixed point, s = 0. The V.used here is shock-propegation 
speed relative to local wind. The present V .  equals the one of 
Sec. 2 minus WO. 

3.3 Shock-Ground Interncction 

If Eqs. (3.10) are integrnted from z = 0 to z = - h  (Le., for 
an aircraft at altitude h)  for a given angle @, a point on the 
ray-ground intersection is obhinrd. This must be related to 
a fixed coordinate system before the shock-ground locus can 
be constructed. Two simple transformations arc required for 
this; the ray coordinates [Eqs. (3.10)] are related to the 
( X , Y , Z )  coordinates by a rotation, and these coordinates are 
related to the fixed coortlinntes by a translation. 

The ( X ,  Y , Z )  system initially coincides with the fixed sys- 
tem ( X j , Y , , Z j ) ,  its negative X axis aligned with the airsperd 
vector. For later times this system moves away from the 
fixed system at aircraft altitude wind speed (Fig. 3 4 .  

These two systems are relatcd as follows: 

X I  = x+ UAt 
(3.13) 

Where t is the time taken by the selected ray to reach the 
ground and (uh,Vh) are wind components along ( X f , Y f ) ,  at 
the airplane altitude. 

The rclation Iictwcn the ray system and the ( X , Y , Z )  sys- 
tem as indicated in Fig. Ib is 

X = 2 cos0 - y sin0 

Y = z sin0 + y cos0 
(3.14) 

Equations (3.13) and (3.14), when combined, will give the 
locus of the ray-ground intcrsrction. This is the locus of dis- 
turbances that left the aircraft a t  the same instant. What is 
desired, however, is the shock locus, i.e., disturbances that 
arrive a t  the ground at the same instant. This is determined 
easily for an aircraft flying a t  constant velocity, for in this 
case the shock locus is invariant with time. Considcr first the 
shock and ray intersections that touch at a common vertex 
(Fig. 4). Points on the shock to either side of the vertex cor- 
responds to rays that took a longer time to reach the ground. 
The shock moves along the ground at aircraft grountl speed; 
a sequence of shock positions is shown in Fig. 4. 

L O C U S  

Shock 
L O C U S  

VO 

3 

Fig. 3 u) The moving niicl fixccl coorclinnte systcms; 
b) nir-spccd uric1 gro~iiicl-rpcccl vector retiition 
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t = I3  t 2  t ,  10 

If for each point of the ray-ground intersection the dis- 
tance D [Eq. (3.15) below] is projectcd back parallel to the 
ground speed direction, the corresponding point on the original 
t = lo shock is obtained : 

D = V,(t - lo) 
V o  = aircraft ground speed = [ ( V .  - VI,)* -I- V A ~ ] ~ ' ~  

4 
1 

(3.15) 
= time for vertex ray to reach ground 
= time for selected ray to reach ground 

The relation between ground speed and air speed, head wind 
and side wind is as indicated in Fig. 3b. Ray travel times are 
obtained from integration of Eqs. (3.10). 

4. Ray Tube Area 

4.1 
Accelcrn tinn 

llay Distance, Atmonplicric Vnriatinnfi, and Aircraft 

In n uniform atmosphere the shock is cone shaped, and the 
ray-tube cross-section area is A = 2rrd (see Fig. 5). For the 
ray directly below the aircraft, 0 = 0 and rd = re cosp = 
rV.At cosp = sV.At coslp; V .  = air speed, At = time incre- 
ment, p = Mach angle. One therefore haa A = 
(277V.61 cos*p)s = (const) s for a uniform flight speed. For 
this case one can replace A J A  by l/s in Eq. (2.9),  or in 
Eqs. (2.10) and (2.16) replace A by s. With this substitution 
Whitham's result, Eq. (44) of Ref. 4 can be obtained. 

This result now will be extended to include cases for which 
the atmosphere is nonuniform and the aircraft may be ac- 
celerating. The rays will not be straight lines; however, they 
may he described by the equation z = z cotv, as in Fig. 6 .  In  
this equation the shock angle, v, varies along the ray path. 
The distance, d,  of any point (z,z) to the ray z = 5 cotv is d = 
z sinv - z COSY. Consider, specifically, the distance to  the 
ray z = (z + e)  cot(v + Av) 

d = z[sinv - cow tan(v + Av)] + e COSY (4.1) 

After letting e = V .  cos0A1, where V .  cos0 is the air-speed 
component along the z axis (ray-coordinate system), one can 
expand Eq. (4.1) in powers of Av and At, obtaining as first- 
order terms 

d = V .  cos0At cosv - z secvAv (4.2) 

The increment Av can be related to increments in shock 
speed, winds. and aircraft speed by using Eq. (3.9). This 
leads to 

tanv 
V .  AV = - X 

Using 



and cornlhing Eqs. (4.2) and (4.3, onc o1)tains 

~ ' ' ' v *  71 - sinv x 
cosv r (12 

z t n n v  d = v. case co5v - - - { 

I 

FLIGHT 

PATH Roys w Shock 

Fig. 5 Ray-tube 
conrditiatcs for n 
irniforni atnius- 

pliere 

Approximnting the my-tuI)e area by A = 2r Iz1 d, and combin- 
ing the cquationv below (4.31, one obtains finally 

The scaling constant, SCC~YA, has been inserted in order to 
have A = s for a uniform atmosphere and flight speed. 

If thc aircraft is accelerating, the term dY./dt in Eq. (4.4) 
is positive. Scglrcting the terms dV,/dz and du.,,/dz, one sees 
that  for lzl large enough the quantity within the braces 
vanishes. This  gives rise to situations involving shocks of in- 
finite aniplitutle as discusscd by &.' In fact, if one sets 

B = dVJdz = du,Jdz = 0 

V. = 01 = sound speed at aircraft altitude 

(l/VJ(dV./df) = a 
Y = sin-'(l/M) = p 

2 = 8 COSp 

one obtains ILo's result for an accelerating aircraft in a uni- 
form atmosphere, 

For the present theory, the term dV,/dz is crucial. By 
using Iiao's throry, the foregoing e x p m i o n  implies 
that  for a certain value of 8 the area vanishes and the shock 
amplitride is infinite. The term dV,/dz in Eq. (4.4) prevents 
this from tiappciring. This is because as the shock strength 
increases i t  propagates faster and dV,/dz  increases; i t  will 
continuc increasing until i t  counterbalances the negative 
contribution from the -dV,,/dt term. From then on an 
cquilibriuni shock configuration is attained as it propagates. 

Ordinarily, bccnusc of the l/V., all the termsin EL+ (4.4) are 
negligible in comparison to COSY, but when complete acoustic 
refraction occurs cosv goes to zero. However, before this can 
happcii the 0 t h  terms in Eq. (4.4) increase in magnitude 
and thc ray-tiibc area, A,  is prevented from going to zero. 
Again an equilibrium shock configuration is attained. 

I t  should be notrd that in thc shock strcngth Q. (2.16), the 
area tcrni is integrated with rcspect to ray distance 8, whereas 
Eq. (4.4) gives the ray-tube area as a frinction of z. This can 
be resolved by simply replacing ds, in Eq. (2.161, by (ds/dz)dz 
and using Eqs. (3. IO) to evaliiatc dsjdz. 

In closing this section an examination of the expression for 
ray-trilx arca, 1Sq. (4.4), and its derivation ail1 be made. The 
shock refrxtion Eq. (3.9) rehtes the local shock angle with 
ibs initial angle. Ilrncc the terms AI', and A% in Eq. (4.3) 
can bc intcrpretctl :is contribut,ions to the change in shock 
angle from its initid angle as it moves dong the ray. Simi- 
larly thc term A V .  is tlic contribution to the chnngc! in shock 
angle as the aircraft niovcs along tlic flight path. The present 
thcory tlierefore considers the initial ray nnglc as somewhat 

. 

like an eqiiililwiiim position m d  t l in t  cliniigrs from this posi- 
tion are conibincd ivitli the shock-strcngtli and location eqm- 
tioris, in a coniplicatcd in:uiner, to drtermirtc a ncw, local 
equilibrium configurntion. 

5. ColicIrisions and Outline 

5.1 CoiirluuionH 

The present throry, when used in its total generality, re- 
quires a simultaneous solution of thc shock-strength equation 
(2.11) and the shock-location equations (3.10) with the ray- 
tube area being given in Eq. (4.4). By application of this 
theory, sonic boom intensity and location can be dctermincd 
for arbitrary aircraft and atmospheric conditions. In addi- 
tion, the theory can handle problems such as complete acoiis- 
tic refraction and accelerating aircraft, which are beyond the 
scope of acoustic approximations. 

When treating any spccific problem, many simplifications 
could be made. For example, if one considered steady flight 
in which no acoustic refraction occurred, the ray-tube area 
could be simply approximated as A - s. Also, for most cases 
the acoustic ray-tracing equations (3.1) probably would pro- 
vide sufficiently accurate shock-location data. However, the 
use of Eq. (2.16) for shock-strength determination should 
give, in all cases, a better answrr than the isothermal-pressure 
correction. 

At  the present time a digital computer program is being 
written to carry out computations based on the present 
theory. Results of these computations and the evaluation of 
this theory will be given in a later note. 

5.2 Summarizing Outline 

A brief summary of the basic assumptions and equations 
will be given in this section. It is sssumed that the aircraft 
altitude, flight pattern, and the conditions of the atmosphere 
are known. The objective is to locate the shock-ground inter- 
section and to determine how the shock strength varies along 
this intersection. First, severd angdsr  positions around the 
initial aircraft Mach cone are chosen. Corresponding to each 
of these positions a ray is located, and the ray (z,y,z) coordi- 
nate system is defined relative to the aircraft ( X , Y , Z )  axes. 
This procedure is described in See. 3.1. The next step is to de- 
termine the path of shock propagation, using ray-tracing equa- 
tions (3.10). These equations, derived in the Appendix, are im- 
proved in Sec. 3.2 to account for actual shock propagation 
speed. However, in order to determine shock-propagation 
speeds the shock strength must be known. The variation in 
shock strength, as i t  propagates along the ray, is determined 
in Sec. 2 and is given in terms of pressure jump in Eq. (2.16). 
Propagation speed and pressure jump are related in 
Eq. (3.12). An important factor in determining the shock 
strcngth is the ray-tube area, and this is discussed in Sec. 4. 
Thcrefore, the ray intersection and the shock-strength varia- 
tion at the ground are dctermincd by integrating the ray- 
tracing equations (3.10) in conjunction with the shock- 
strenRth equations (2.16) and (3.12), and the ray-tube area 
equation (4.4). ,\ technique for putting this in terms of the 
shock-ground intn~rsc~ctinn is given in SCC. 3.3. 
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Appendix 

A.l  Dcrivntion of Acountic Iby-Tracing Eqriutions 

All equations appearing in Secs. A.l  and A.2 are written 
relative to a fixed coordinate system. The transformation to 
the moving coordinate system, used in Sec. 3, is given in A.3. 
In addition, the repeated subscript summation convention 
will be used in order to  shorten the presentation. 

The equation for the acoustic wave front can be derived as a 
characteristic of the Eulcrinn flow equations. However, a 
simple derivation is possible if one starts with the statement: 
the acoustic wave front travels in a direction normal to its 
surface, at sound speed relative to its ambient atmosphere. 

If the wave front is denoted by +(z,y,z,t) = 4(xi , t )  = 0 the 
direction cosines of the normal to the front are 

(AI) ni = + z i / ( + * z i ) * "  = 4si/Q 
A point xi, on the surface at time t ,  will. at time t + At be at 
xi + n i A N ,  where AN is the perpendicular distance between 
the surfaces. Since xi and xi + niAN are on the surface 

+(xi, t )  = 0 (A21 

(A31 
Expanding Eq. (A3) in a Taylor series about the point (zi,t) 
one has, after using Eq. (A2) and retaining first-order terms, 

ANni&i + At41 = 0 

Divide by At, and then let At go to zero to obtain the surface 
normal velocity (dN/d t )  = - (&/Q) .  The components of 
this velocity along the coordinate axes are 

$(xi + niAN, 1 + At) = 0 

(dzildt)  = - (ni+t/Q) (A4) 
These velocity components relative to the wind components, 
ui, are 

(dxildt) - ~i (A51 
If the velocity components, Eq. (AS), are projected onto the 
surface normal one has, from the definition of the velocity of 
an acoustic W R V ~  front, 

[ (dxi /dt)  - ui]n, = +a (A@ 
or 

41 + ut4zi + aQ = 0 

Equation (A6) describes n wave front moving through the 
atmosphere; oiic sccs that the velocity components, Eq. 
(A5), must satisfy the rcl:ition 

(dxi/dt)  - 74;  = n.a i = 1,2,3 (A7) 
These three eqii:tti.ons give the velocity of a point, zi, on the 
front; the lociis of this point, as the surface moves through 
S ~ R C C ,  is called a ray. 1':quation (A7) shows that, if there is no 
wind, the ray is normal to the surface of the front. In order 
to solve Eqs. (.\7) t,hc dircction cosines ni must bc determined. 
Tlicse, ho~vcver, vary aitli the atmosphcre as one moves 
alang the ray; tlie cliffcrrntial rqtintion for  this variation will 
be dctcrminrtl now. 

IfittiIig dldt dcnotc diffcrcnti:ition :dong the ray one has, 
using Eq. (Al ) ,  

d n .  1 d n,n, d - (11 = 6 ,-,4,, - - ;7i 4,, Q 
where 

d b d X k  d 
$Ai= - 9  + -  - 4  dt I' dl bsr I' 

Differentiating the second cqiiation in (AG) are combining the 
result with Eq. (AS) one obtains 

(A91 
auk bU n .  (2 + n k g  + axi *) = n , n k z ,  + n i b t i  

The rightrhand side is independent of subscript i and is the 
same for each ni ,  i = 1,2,3; therefore the differential cquation 
for the direction eosines of the surface normal can be written 
as 

Equations (A7), (AlO), and ni2 = 1 are six equations for the 
six unknowns x i p i  along the ray. 

These equations now will be simplified. First make the 
identification 

( ~ 1 , ~ m , n ~ , n 3 )  = (z,y,2;l,m,n) 
Now assume the cross winds (u,v) and sound speed u to be 
dependent only on altitude z ;  also, vertical winds are to be 
neglected. The ray equations now become 

dz 
dt 
- = n u  - =  

dt 

1' + m2 + n* = 1 ( A l l )  
1 dl 1 dm 

From a solution of the first equality in the last equation, 
l/ln = m/mh with l h  and mh initial direction cosines. The z axis 
has been set as being vertical, however one is still at liberty as 
to the direction of the horizontal z,y axes. Let the z axis be 
so positioned that the normal to the wave front is parallel to 
the x,z plane; then m = mh = 0 (The details of this coordinate 
positioning are given in Scc. 3.1.) Equations ( A l l )  now read 

_ -  - n a  
dy  dz 
dt dt v - =  dz - = Z u + u  

dt 

= ( d n  da du) 
dt n T i l + & + ' &  Z2 + n2 = 1 

The last three equations in (A12) can be combined to give 

dl 1 da 
d i = a ( d ; + e )  

which integrates to  

(all)  + 21 = ( a h / l h )  + uh = const (A13) 

This is Snell's law for a varying atmosphere, the right-hand 
side being sptscifietl by initial conditiom. With Eq. (A13) and 
12 + n2 = 1, one has integrated the direction-cosine equations. 
The ray equations are writtrn now in their final form: 

dt 1 
dz nu 

= -  ( 9 - 2  - - dx la + u 
dz nu 
_ = -  

de nu 

'!! dz = - [E)* + e)' + I]"* (A14) 

' - + u = c (conat) 
1 

l 2  + n* = 1 

I t  is assuincd that a and u are known as functions of altitude 
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z. Equation (Al4)  c:tn l w  iritqyittctl from aircraft altitutle to 
ground to give the point of intrrsection of the ray and the 
ground and the time it t dws  the ray to reach the ground. 

A.2 Atniorplieric Itcfrnctiom 

Coinplctc ncoiisticnl refraction occurs wlrcn an  initinlly 
downward traveling ray lwnds upward. The came of this 
phctiomcnon now will be discussccl. At the point of horizontnl 
do1w n = 0 and, hence, 

(e - u)* - a* = (c  - u - a)(c - u + a) = 0 (A151 

Assume that the ray moves downward in the negative z dime- 
tion (sce Fig. 5) ; then both 1 and n are negative, and the con- 
stant c is also negative, as for all practical enws a > u. Hence 
Eq. (A15) can vanish only when c - u.+ a vanishes. Now 
coiisidcr the ray directly lnlow the flight path; for thia case 
I&= -cns(W” - p )  = -sinp = -aJ 1V.l where p is Mnch 
angle and V. is aircraft air speed. When the above results 
are combined one sces tha t  the ray will bend upward if 
- 1V.l + a + (ur - u)-vanishes, i.e., if a + (uA - u) increases 
suficicntly nq the ray travelv downward. A headwind decreas- 
ing or sorind speed incrensing ns the ground is approached will 
cause a ray to be bent upward. Conversely, tail winds de- 
creming groundward will bend r3ys downward. 

A.3 Tranafnrmntinn to Moving Cnonlinats System 

As mcntioncd at  the Iicginning of Scc. 2, i t  is necessary to 
measure shock-travel distance and atmospheric wind vnria- 
tions relative to R coordinate system moving with the wind at 
aircraft alt,itiitle. In this section relations between the fixed 
coordinat4- system used in the prior two sections, and the 
moving coordiiintc: system will be developed. In nddition, 
ray-tracing cyiintions, corresponding to (A12), will be derived 
for the moving coort1in:itt: system. 

1)enote thr  fixed systcm by (z/,yj,q), the moving system 
(z,y,z), and tlir wind compunents along the 21,yl axe8 by 
u,,,u~, rcspcctivrly. Tlic two systems are related as follows: 

2/ = 2 + urt 

!// = !/ + VAL (A 16) 

z/ = 2 

the coordinntcs aplwrring there) and substitute (A16) : 
Corisitlw, now, I‘qs. (A12) (a suhscriptfshould In affixed to 

dt 
dl df 
!?Lv-vA - a n a  

dx - = la + u - ub 
dt 

If one now introduces in (A17) wind component.¶ relative to 
the wind at aircraft altitude, ua,vo: uo = u - UA; uo = v + VI, 

the equation takes exactly the same form ns (A12). Snell’s 
law, (A13), can be written as 

(4) + u - UA = (ah) + uo = (a&) = c (A18) 
Therefore, relative to a coordinate system moving with the 
wind at aircraft altitude, the ray-tracing equations are as 
shown in Eqs. (3.1). 
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APPENDIX I1 
TWO SAMPLE PROBLEMS 

In this section the input and output for  two sample problems 

The first problem, case  1001, involves a low Mach will be given, 

number ( M =  1.1) a i rc raf t  flying at 40,000 ft.  and accelerating at 

4 ft./sec2 ; the atmosphere is an  ICAO 1959 standard atmosphere.  

The second problem, case  0000, has  a Mach 2 a i rc raf t  flying a t  

60,000 ft.  in a constant atmosphere.  

a r e  indicated as follows: 

The input cards  for  both problems 

A :  control card  

B :  atmosphere cards 

C :  angle card 

D:  a i rc raf t  data cards  

Because of a tmospheric  refraction due to changes in temperature  

with altitude, the shock does not get to the ground in case  1001. 

a r e ,  however, quite a few interesting resul ts .  The accelerat ion causes  

a peak overpressure  at 16650 feet for  the ze ro  angle ray.  

enon occurs  a t  s imi la r  altitudes for the other angle rays .  

There 

This phenom- 
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7 n  . 
6 5  

6 9  

55 . 
5 0  . 
45 . 
40 

1 5  . 
? 0  . 
2 5  . 
2 0  . 
15. 

16 7 1 0 0 1  4 
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-69 .61  
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4. r) 1 P O .  3 1.8 1.1 4CC00. 6 4  

1C)n000, 8. 50  . 
3 4 0 0 0 0  2 1 

-44.4 

8 0  657.6  -Lh 0 4 

0 .  557.6 -44.4 

6CCOO. 6Lc 

6 0 .  657.6 

- 3 0 .  0 .  1 5 .  30 .  )c 
0 .  100. 1.8 2.0 

1 n o o n 0 ,  8 .  50  
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HEADWlND SI DEW IN0 PRESSURE .SOUND SPEED TEMPERATURE ALT I TUDE 
f F T )  f F P S I  fFPS1 f PSF 1 f FPS) fDEC F )  

10000. 
65000. 
60000. 
55000. 
50060. 
45000. 
40000. 
35000. 
30000. 
25000. 
200004 
15000. 
10000. 
5000. 
1000 . 

0. 

-0. 
-0 . 
-0. 
-0. 
-0. 
-0. 
-0. 
-0. 
-0. 
-0. 
-0. 
-0. 
-0. 
-0. 
-0. 
-0. 

-0 1 
-0 1 
-0 . 
-0 . 
-0 . 
-0. 
-0 . 
-0 . 
-0 . 
-0 . 
-0 . 
-0 . 
-0 . 
-0 . 
-0. 
- 0 a  

93.672 
118.930 
151.030 

243.610 
309.450 
393.120 
499.340 
629.660 
786.330 
973.270 
1194. ROO 
1455.600 
176 0 900 
2040.900 
2 116.200 

i9i.eoo 

967.660 
967.660 
967.660 
967.660 
967.660 
967.660 
967.660 
972.721 
994.422 
1015.460 
1036.475 

1076r930 
1096.61 5 
1112.019 
1 115 964 

1056.e90 

-69.610 
-69.610 
-69 610 
-69.610 
-69.610 
-69 5 6 10 
-69.610 
-65.520 
-47 740 
-29.960 
-126 170 

5 630 
23.440 
41.260 
55.430 
59.090 

CUTOFF A L f I T U 9 E ~  ANGLE=-45.00 

PRESSURE 2 X Y PRESSURE P A T I O  PRESSURE JUMP 
f F T )  f F T l  fFTl fPSF)  fPSF) 

26108. -66 2 18 214570 .0.0026115 1 963 75 1 e605 

CUTOFF ALTITUDEI ANGLE=-30.00 

Y PRESSURE PATIO PRESSURE JUMP PRESSURE 
f F T l  fPSFl  f PSF t 

20433. 18402. 0.00*0093 4.603 957.070 

CUTOFF ALTITUDE* ANGLE.-15.00 

2 
f F T )  

X 
f F T )  

Y PRESSURE RATIO PRESSURE JUMP PRESSURE 
fFT) fPSF)  f P S f  1 

151331 -98920. 117321 0.0003973 01472 1180.919 

HISTORY OF SHOCU STRENGTH VARIATION@ ANGLE. 0. 

2 X 
f F T )  f F T )  

29750. 
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29000. 
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28500.  
28250. 
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27250. 
27000. 
26750. 
26500. 
26250. 
26000. 
25750. 
25S00. 
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24250. 
24000. 
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23500. 

zeooo. 

-2391 6 
-24582. 
-25 2 5 3 
-25929. 
-26611. 
-27299. 
-27993. 
-28693. 
-29400. 
-30114. 
-30834. 
-31562. 
-32296. 
-33039. 
-33788; 
-34546. 
-35312. 
-360870 
-36870. 
-37661 
-30463. 
-39273. 
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-4261 5 .  

PRESSURE RATIO PRESSURE JUMP PRESSURE Y 
f f l )  I PSF 1 f P S F I  

-0 . 
-0 . 
-0 . 
-0 . 
-0 . 
-0 . 
-0. 
-0 . 
-0 . 
-0 . 
-0 . 
-0 . 
-0 0 

-0 e 
-0. 
-0 . 
-0 . 
-0 0 

-0 .  
-0. 
-0 0 

-0 0 

-0 . 
-0 . 
-0 e 
-0. 

0.0028460 
000028199 
0 00278 16 
0.0027383 
0.0026937 
0 0026494 
0.  0026064 

0 00025257 
0.0024881 
010024525 
0.0024187 
0.0023866 
0.0023564 
0.0023270 
0.0023008 
0.0022755 
0 0  00225 17 
0.0022295 
0.0022088 
0.0021882 
0.002 1692 
0.002 15 17 
0.0021359 
0 .  002 1217 
0.0021092 

n . 002565 1 

1.814 
1.820 
1.817 
1.810 

1.793 
1 784 
1 776 
1.768 
1.762 
1 e 756 
1.750 
1.746 
1 742 
1.739 
1.737 
1.736 
1.735 
1.736 
1.737 
1.741 
1.14b 
1.752 
1.759 

1.802 

~. 

1.760 
1 e 777 

637.493 
645.327 
653.160 
660.994 
668.821 
676.66 1 
684.494 
692.328 
700.161 
707 995 
715.828 
723.662 
731.495 
739.329 
147.162 
754.996 

770.663 
7700496 
786.330 
795.677 
805.024 
814.371 
023.718 
833.065 
842.412 

762 . e29 
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23250. 
23000.  
227506 
22500.  
22250. 
22000. 
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215008 
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21000.  
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20500.  
20250.  
20000.  
1975Oa 
19500. 
19250r  
1900Oe 
187506 
18500 .  
18250. 
18000.  
1775Oe 
17700e 
17650. 
176001  
175501 
1 7 5 0 0 ~  
174501  
17400. 
17350e 
173000  
172501  
17200.  
171501  
17100a 

,1705Oe 
170001 
16950. 
16960.  
168508 
16800.  
16750.  
167090  
166501  
16600. 
1655oa 
14500e 
162501  
160001  
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fFT1  
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2 
f F T I  
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Oe0004763 
Oe0004687 
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0 i 000 45 26 
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0.  00042’15 
0.0004169 
Oe0004094 
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0 a 00039O3 
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PRESSURE RATIO 

0 a 0003773 

PRESSURE RATIO 

0.0003972 

1.787 
1 e 7 9 9  
1.813 
1.827 
1 844  
1.862 
1.883 
1 e 906  
l e 9 3 2  
1.960 
1 993 
2.029 
2.070 
2.116 
2.172 
2.236 
2.323 
2.406 
2.526 
2.664 
2.834 
3.054 
3.373 
3.393 
3.327 
3.325 
3.359 
3.416 
3.487 
3.588 
3.670 
3.788 
3.885 
4.026 
4.164 
4.313 
4.476 
4.657 
4.858 
5.081 
5.328 
5.601 
5.902 
6.232 
6. 590  
0.552 
0.551 
0.551 
0.551 
0.548 
0.544 
0.540 
0.536 
0x531 
0.527 
0.522 
0.514 
0.510 
0.506 
Or497 
Om491 

PRESSURE JUMO 
fPSF1 

Or485 

PRES SUR E JUMP 
fPSF)  

0.472 

851.759 
861.106 
870.453 
879.800 
889.147 
898.494 
9 0 7 a 8 4 1  
917.188 
926.534 
935.882 
945.229 
954.576 
963.923 
973.270 
9 0 4 a 3 4 6  
995.423 

1006.499 
1017.576 
1028.652 
1039.729 
1050.805 
1061.882 
1012.958 
1 0 7 5 r 1 7 4  
1077. 3 8 9  
1079.604 
1081.820 
1084.035 
1086.250 
I088 e466  
1090.68 1 
1092.  8 9 6  
1095. 111 
1097.327 
1099.542 
1101 0757 
1103.973 
1106 I 8 8  
1108 4 0 3  
1110.619 
11 121  8 3 4  
11 1 5 0 0 4 9  
1117a264  
1 1  19.480 
1 1 2 1  r 6 9 5  
1123.910 
1126.126 
1128 ~ 3 4 1  
1139.417 
1150.494 
1 1 6 1 r 5 7 0  
1172.647 
1183.723 1 I 9 4 i  800 

1207.840 
1220.880 
1233a920  
1246.960 
1260.000 
1 2 7 3 0 0 4 0  
1286.080 

PRES SURE 
I PSF 1 

1286.487 

PRESSURE 
fp5f1 

1188.913 



ClWOFF ALf1TUOE( ANGLE+ 30.00 

2 
f F T )  

X Y PRESSURE RAT10 PRESSURE JUMP PRESSURE 
f F T )  fFT)  I P S F I  (PSF)  

20433. -80 3 14 . -18402. 0.0040003 4.602 957.070 

CUTOFF ALTlTUDEB ANGLE= 45.00 

PRESSURE PRESSURE JUMP 2 X Y PRESSURE RATIO 
f F f )  f F T )  f FT)  fPSF)  f PSF 1 

26100e 0 6 6 2 1  5 -2  1456 a 0a0026000  1.961 751.605 

SONIC BOOMI CASF 1001r  M. 1.10Ol 

SHOCK-GROUND DATA 

LYGLE PRESSURE JUMP 
( OEG 1 f P S F l  

-45.00 0.  
-30.00 0. 
-19.00 0. 

0 .  0 .  
1 5 0 0 0  0 .  
30.00 0 .  
45.00 0 .  

ALTlTllOE= 40000. 

0.  
0. 
O b  
0. 
0 .  
Ob 
0. 

Y 
f F I  1 

0 4  
0.  
0 .  
0 .  
0 .  
0 .  
0 .  

T I M E  
fSEC) 

-1600 
-1.00 
-I*OO 
-1 e 00 
-1.00 
-1.00 
=1*00 
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ALTITUOE 
fFTt  

60000e 
8000.  

0. 

H l S t O R Y  OF SHOCK 

2 
f F T t  

49340.  
47340.  
45340.  
43340.  
41340.  
39340. 
37340. 
35340. 
33340. 
31340. 
293404 
27340.  
25340. 
23340. 
21340.  
19340. 
17340. 
15341). 
13340.  
11340.  

9340. 
7340. 
5340.  
3340r 
1340. 

0.  

HEADW 1 ND SIDEW I ND 
(FPSI  f FPS 1 

-0 

-0 
-0  b 

-0 . 
-0. 
-0 

STRENGTH VARIATIONr ANGL€--3OeOO 

X 
f F T t  

-7108. 
-8444 
-9780. 

-11116. 
-12451. 
-13786. 
-14121. 
-16456. 
-17790. 
-19125. 
-20460. 
-21 794. 
-23129. 
-24463. 
-25798. 
-271 32 
-28466. 
-29800. 
-31135. 
-32469. 
-33803. 
-35 13 7 
-36471. 
-37805. 
-39 139  
-40033. 

Y 
( F T t  

6156.  
7313.  
84701 
9626.  

10783.  
11939.  
13095.  
14251.  
154074 
1b563. 
17719r 
18874.  
20030.  
21186.  
22341.  
23497.  
24652 e 

26963.  
28119.  
29274.  
30430. 
31585. 
32740. 
338966 
34670. 

258013 . 

SONIC BOOM* CASE 0 ,  M m  2.0001 ALTITUDE. 60000e 

SHOCK-GROUND DATA 

ANGLE PRESSURE JUMP X 
fDEG) fPSF1 ( F T t  

- 3 0 .  00 0.810 -18569.  
o b  0.901 -34663.  

15.00 0 .876  -30994. 
30 00  0 .810  -18569.  

PRESSURE SOUND SPEED TEMPERATURE 
(PSF) f FPS t fDEG F )  

657.600 
657.600 
657.600 

PRESSURE RATIO 

0.0024984 
0.0022029 
Oe0019716 
0 e 001 7893 
0.0016420 
OeOO15202 
0.0014176 
0 e 0013362 
Om 001 2609 
0.0011938 
0.0011342 
Om0010811 
0.0010335 
0.  0009904 
0.0009514 
0.0009 157 
0 e 0008830 
0.0008529 
0 m 0008 25 2 
0.0007994 
0 r 0007754 
Om0007569 
0.000733 1 
0.0007164 
0 e 000695 1 
0 0006844 

Y 
(FT  1 

34670. 
0.  

-16088.  
-34669.  

998.446 -44.400 
998.446 -44.400 
998.446 -44.400 

PRESSURE JUMP PRESSURE 
fPSFt  [PSFt  

1.643 
1.449 
1.297 
1.177 
lrO8O 
1 000 
0.932 
0.879 
0 .829  
0.785 
0.746 
0.711 
0 .680  
0.651 
0.626 
0.602 
0 .581  
0.461 
0.543 
0.526 
Om510 
0.498 
0 .482  
0 .471  
0.457 
0 .450  

T f M E  
fSECt  

80.12 
69.37 
71 .82  
80 .12  

657eb00 
657.600 
6 5 7 r 6 0 0  
657.600 b57.600 

657.600 
b57ebiJO 
651.600 
657.600 
657.600 
657.600 
657.600 
657m600 
657.600 
657.600 
657.600 
657.600 
647.600 
657.600 
657.600 
657.600 
657.600 
657.600 
657.600 
657.600 
657.600 
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& LABEL 
& SYMBOL TABLE 
CSBOOM 

DIMENSION Z ( 9 r 1 0 0 ) r S f 9 ) r W ( 9 ) r X ( 9 ) r Y ~ 9 ) r P J ( 7 ~ * Q ~ 9 ) r A Y ( 9 ~ * D A T A ( 2 l * 5 #  
1 2 1 r P H I f 2 1 )  

COMMON Z r K E N D r C T H t S T H I C r B r S r G r K Q * D L , H I R 1 , W t X , C 1 r Y I F ~ V S * V P * C Z r A Y I P J  
l r B S V ~ B S A r P H I r D A T A r P R r U ~ A V S ~ J N R r N E N D , A L T ~ E L ~ ~ ~ E Z ~ B S C ~ E L H ~ K A S E ~ E M ~ E N  
l t N r A C C r R C r B O N G * N V r N N r J O B S r W T r T ~ W L , V F , f L r A P R * B V P r T E S T r A F , H H  

COMMON C R V ~ P S I ~ T A U I  P S r T S b X D v Y D t Z D  ,VTrMP 
3 10 READ 2 0 0  rKENDtNEND,KASEINVrNNc JOBS 

READ 2 3 1 r f Z ( 7 r K ) r Z ( 2 r K ) r Z ~ l * K ) r Z ( 9 r K ) r Z ( 9 r K ~ ~ K = l 1 K E N D )  
READ 2 0 2 r ( P H I ( N l r N i l r N E N D )  
READ 2 0 2  r ACC ~BONG*RCIEMIALT*VFIFL , W T #  T ,  WL ~ C R V I P S I  *TAU 

UM=ASINF( l .O /EM)  *57.2958 
I F  (90.O-UM-PSI) l l r l l r 1 3  

11 PRINT 2 0 4 r K A S E v E M r A L T  

2 1 8  FORMAT (39HONO SHOCKS AT GROUND DUE TO C L I M B  ANGLE1 

13 B=(ALT-100a*BONG) / lOOOe 
I F ( D - Z ( 7 * K E N D ) ) 1 2 r l 2 r 3 9  

1 2  PRINT 2 0 4 r  KASEIEM~ALT 
P R I N T  2 1 3  
GO TO 3 8  

PRINT 2 1 8  

GO TO 38 

3 9  DO 1 1 2  K Z l r K E N D  
Z f 7 r K ) - Z f 7 r K ) * 1 0 0 0 e  

1 1 2  Z f 3 r K ) = 4 9 . + S Q R T F f Z ( l t K ) + 4 5 9 e 6 ~  
2 P R I N T  ~ O ~ ~ K A S E I E M * A L T ~ A C C * R C I V F . F L , W T * ~ @ N G ~ T I W L  r P S r r l A U r C R V  

P R I N T  2 0 6  
PRINT 2 0 7 r ( Z f 7 r K ) r Z ( 8 r K ) r Z ( 9 r K ) r Z f 2 r ~ ~ 1 Z ( 3 1 K ) r Z ( l 1 K ~ ~ K * l r K E N D )  
DVC=O e 0 
MP=1 
I F  ( A B S F ( P S 1 )  + AP,SF(CRVI)  4 0 t 4 0 m 4 1  

CALL CORR 
40 CALL A L T A  
1 DO 111 N=l,NEND 

N = N  
DO 5 J - l r 5  

CALL  ONE 

4 1  DVC= leO 

5 D A T A f N r J * M P I = O e  

S ( 7 ) = Z ( 7 r l l - l O O . + B O N G t C O S F ( P H 1 ( N ) / 5 7 . 3 )  
C ACOUSTIC I N I T I A L  INTEGRATION 

14 KQ=l 
DL=Oe 
C A L L  MID 
I F ( K Q - l ) 1 8 r 1 8 r 1 9  

I F ( 0 ( 2 ) - 1 . ) 2 5 r 2 3 r 2 5  

P R I N T  2 1 6 r Q ( 4 ) r P H I ( N )  

19 CALL L I N T  

2 3  0(2)=0. 

2 5  I F ( Q ( l ) - l a ) 1 8 r 2 1 r 1 8  

I F ( Q ( 2 ) - 1 0 ) 2 2 r 2 4 * 2 2  
2 4  Q ( 2 ) = O .  

P R I N T  2 1 6 r S ( 7 ) r P H I ( N )  
2 2  I F f Q ( l l - l e 1 2 0 r 2 1 r 2 0  
2 1  P R I N T  2 1 5 r 5 ( 7 ) r P H I ( N I  

1 8  C A L L  F I N  

GO TO 111 
C SHOCK INTEGRATION <TARTS I IERF 

2 0  ADL=.75*DL 
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DLT=DL 
80 U=S(4) 

A V S s V S  
.- BVP=VP 

8 1  CALL M I D  

85 CALL INTEG 

4 Q(11.0. 

3 I F ( T E S T + l r ) B 2 r 8 3 r 8 3  

- - . - 9 9  T E S T t - 2 r  

---98 I F ( Q ( 1 ) - 1 . ) 3 9 4 9 3  

I F  (DL+ lO.O)  7 8 9 3 1 e 3 1  

I_ 82 TEST=TEST+l .  
APR=PR 
GO TO 8 5  

8 3  V P ~ . + A B S F ( P R - A P R ) / ( P R + A P R )  
- - I F ( V - r 0 1 ) 8 6 ~ 8 6 ~ 8 7  

8 7  T E S T = T E S T + l r  
. _ _ _  APRsPR 

_ _  88 X F ( D L + 5 * ) 7 8 ~ 7 7 9 7 7  

- -  - DLs.S*DL 

I F f T E S T - l O e O )  8 5 9 8 5 9 8 8  

7 8  S ( 7 ) = S ( 7 ) - D L  

9 6  VSaAVS 
V P d V P  
GO TO 8 1  

GO TO 9 1  
7 7  PRINT 2 1 7 t P H l  ( N )  

. 3 1  PRINT 2 1 4 r P H 2 1 N )  
9 1  PRINT 2 1 1  

DATA ( N 9 4 t MP ) p-1 0 
GO TO 9 0  

8 6  I F  (NN-N ) 8 9  9 3 7 t 8 9  
3 7  I F  (DVC-1.0) 4 5 9 4 5 t 8 9  
45 I F  t E Z )  3 6 9 3 6 9 9 0  

3 6  E Z s 1 .  
PRINT Z I O I ( P H I ( N N ~ )  
PRINT 2 1 1  

P J  ( 4  ) =PR 
P J 5 ) =S ( 2 ) +PR 
P J ( l  ) = S  ( 7 )  
P J ( 3 ) =  A Y ( 3 ) * C T H + A Y ( 2 ) * S T H + A Y ( 4 ) * 2 ( 9 * 1 )  
P J ( 2 ) =  A Y f 2 ) * C T H - - A Y ( 3 ) * S T H + A Y f 4 ) * 2 ( 8 9 1 )  
PRINT 2 1 2 ~ ( P J ( I ) r I = l t 6 )  

90 P J ( b ) = S f 2 )  

I F  ( D A T A f N e 4 r M P ) )  1 1 1 9 8 9 9 8 9  
89 DO 7 1  M ~ l r 6  

7 1  Y I M ) = A Y ( M )  

76 DL=ADL 

W (MI = X  ( M I  

I F f D L + 1 0 . ) 7 2 t 7 6 r 7 6  

7 2  IF(S(7)-2(7tKEND))70e70995 
9 5  I F  ( Q f 5 1 - 1 . 0 )  9 2 9 9 3 9 9 4  
9 2  I F  (AF-0 .051 9 7 9 9 7 e 8 0  
9 7  DL=MAXLF(-~O.OIDL)  

GO TO a o  
94 Q ( 5 ) = Q ( 5 ) - 1 .  

GO TO 8 0  
9 3  DLsDLT 

Q f 5 ) s O e O  
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- -  
GO TO BO 

- 70 DATA(Ntl ,MP) 'RC+ZI2,KEND)*pR 
D A T A ( N i 4  r M P l = Y ( 4 )  

.__ - D A T A ( N , ~ ~ M P I I Y I ~ ~ + Z ( ~ ~ ~ ) + Y ( Z ) ~ S ~ H + Y ~ ~ ) + € T H  
DATA(N,2,MP)~Y(2~*CTH'~~~~*SlH+~~4)*Z(8tl) 

- - 111 CONTINUE 
I F  (DVC-1.0) 4 2 1 4 8 ~ 4 9  

- -  48 D V C t 2  0 
ALT= A L  T+Z D 

MP=Z 
GO TO 40 

GO TO 38 

-- - - PSI=PSI-VT*CRV+SIGNF~TAUsPSI) 

49 C A L L  SORT 

42 V G = S Q R T F ( Z ( 9 , 1 ) * * 2 + ( E M * Z ~ 3 , 1 ) - Z I 8 , 1 ) } * ~ 2 )  
- - B=Z(9,1 ) /VG 

BBn(EM+Zf3rl)-ZlBrf))/VG 
_ .  DO 102 N = l t N E N D  

I F  ( D A T A ( N I ~ ~ M P ) )  1 0 1 ~ 1 0 1 e 1 0 3  
D A T A t N  9 ' 2 9  MP) S O *  
DATAINI~ ,MP)PO~ 
D A T A ( N e l r M P ) * O *  

10 1 

GO TO 102 
- 1 0 3  D S T = V G + ( D A T A ( N , ~ ~ M P ~ - D A T A ( N V ~ ~ S M P ) )  

DATA(Ni2rMP)=DATA(Ne2,MP)+DSl*BB . 
_ _  - D A T A I  N 9 3  ,MP I =DATA ( N t  3 (MP I -DSf*B .- 

_ _  P R I N T  204, KASE,EM,ALT 

_-___._ P R I N T  208 -~ 
P R I N T  ~ O ~ ~ ~ P H I ~ N I ~ ~ D A T A ~ N ~ J O H P ~ ~ J ~ ~ ~ ~ ~ , N I ~ , N E N D ~  

- #  - 38 I F f J O B S ~ 3 1 1 ~ 3 1 0 ~ 3 1 0  _ .  

102 CONTINUE 

P R I N T  203 

3 1 1  C A L L  E X I T  
200 F O R M A T l 6 I l O )  
2 0 1  FORMAT(F10.0,4F10.3) 

. _  202 FORMATI7F10.2)  
203 FORMAT(19HOSHOCK-GROUND DATA 1 

- 204 F O R M A T t 1 8 H l S O N I C  BOOM, CASE I5rSH9 M=F6r3,12H1 ALTXTUDE=F?.OI 
205 F O R M A T ( 1 8 H l S O N I C  B W M s  CASE 15tSH1 M ~ F 6 e 3 r l 2 H t  A L T X T U D E = F f r O * 7 H c  

1 ACC=F7.3t5H, RCPF4.2,5H+ V F ~ F 6 . 3 t 5 H v  LF=F6r3/1H t5H WT~F9*1,9H,  
1 LENGTH=F6*1*6H,  F R = F 5 * 2 r 5 H ,  WLmF6&3*8H, ANCLE=F7*2,&H, lAUPF6.2, 
1 4HSECo12H*  CURVATURE=F7*3/1HO) 

206 FORMAT ~lHO6X8HALTITUDE7X6HHEADWIND8X8HSIDEWfND8X6HPRESSURE4X1lHSO 
- l U N D  SPEED4X11HTEMPERATURE/llX4HIFT~llX5H~FPS)llX5H~FPS~llX5H~PSF)8 

2 X S H ( F P S 1 9 % 7 H ( D E G  F ) / l H  1 
207 FORMAT I l H  F15.0~3F16*3*F13.3*F15.3) 

2 0 8  FORMAT11H0~9X~5HANGLE~7X~l3HPRESSURE JUMP, 6 X ~ l H X ~ 1 5 X t l H Y t l O X ~ 4 H T X  
l M E / l H  ~ ~ X I ~ H ( D E G ) ~ ~ O X I ~ H ( P S F ~ ~ ~ X , ~ H ~ F T ) * ~ ~ X ~ ~ H ( F T ) ~ ~ X , ~ H I S E C ) / ~ H  ) 

209 FORMATt 1H , F 1 4 . 2 ~ F 1 5 . 3 ~ 2 F 1 5 e O ~ F 1 3 . 2 )  
210 F O R M A T ( l H O t 4 3 H H I S T O R Y  OF SHOCK STRENGTH V A R I A T I O N (  ANGLE= F6.2) 
2 1 1  F O R M A T ~ l H O ~ 1 1 X ~ 1 H Z ~ 1 5 X l l H X , 1 5 X ~ l H Y ~ ~ X ~ 4 5 H P R E S S U R E  R A T I O  PRESSU 

1 R E  JUMP PRESSURE/ lH 9 9X,4HIFT) ,12X,4H(FT1,12X14H(FT) ,31X15HfP 
~ S F ) * I O X I ~ H ( P S F ) / ~ H  ) 

2 1 2  FORMAT(1H ~3F15~01F19.7*F17.3~F15*3) 
213 FORMAT(lHO*30HCROUND IS CLOSER THAN 100 BODY LENGTHS) 
2 1 4  FORMATIZ4HOCUTOFF ALTITUDE,  A N G L E x F 6 r 2 )  
2 1 5  FORMAT(42HOCUTOFF BEFORE 160 BODY LENGTHS, ALTITUDE~FlO.Z,8H,  ANGL 

1E=F6.2) 
2 1 6  FORMAT(56HOACCELERATION EFFECTS BEFORE 100 BODY LENGTHS, A L T I T U D E =  

217 FORMAT (38HOCOMPUTATION DOES NOT CONVERGE, A N G L E r F 6 r 2 )  
l F I O . Z , 8 H ~  ANGLEsF6.21 

E NO 
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SUBRCUT I NE CCKR 
01 XEhS IGk Z ( 3,100 ) S ( 9 )  7 W ( 9 )  * X (  9 )  C Y  ( 9 )  * P J  (7 1 P O  ( 9 1 ,  A Y  ( 9 )  ( D A T A  (21 9 5  

1 2)rPHI(Zl) 
CGt’vSCr\l Z , K E ~ C , C T ~ , S T H I C , R , S , G * K Q , D L , ~ , R ~ * ~ * X , C ~ , Y ~ F , V S , V P * C ~ , A Y * P J  

l , B S V , B S ~ , P t I I ~ C A T A , P ~ , U ~ A V S , J N R , ~ E N D ~ A L T ( E L ~ Q , E Z ( B S C ~ ~ L H ~ K A S E ~ E M t ~ N  
l , N ~ A C C , 9 C , O O h G ~ N V i h N ~ J U ~ S ~ W l , T , W L ( V F ( F L , A P R ~ B V P , T E S l , A F , H H  

CUPP,O\I C R V , P S I * T A U ,  P S . T S ~ X D , Y D , Z ~  * V ~ , M P  
VALF(Xl=bURTF( l * O - + ( A L F + 2 o O * R E T A * X ) r + 2 )  -. - - - ~ -  
C R V = C  I< V *  1. O E L 6 6  
P S I = P S I / 5 7 . 2 S 5 7 7 9 5  
I F  ( P S I )  3 , 4 9 3  
P S  I=ABSF ( P S  I 1 

- 

4 
3 T S = S I G N F ( l A b p P S I )  

V T ~ S C K T F ~ ~ ~ E l ~ Z ~ 3 ~ l ~ ~ ~ C O S F ~ P S I ~ ~ Z ~ 8 ~ l ~ ~ ~ ~ 2 + ~ ~ E ~ * Z ~ 3 ~ l ~ ~ ~ S I N F ~ P S I ~  - . -  

1 )  * + 2 )  
ALF=-  r ANF ( P S  I )  

XD=O. 
QUAD=O . 
B E T A = O . S + C R V + ( l . O + A L F ~ * 2 ) * ~ 1 o 5  

DO 1 1=1,10 
1 F- (iid) -1 1 , 1 2 ,  11- 

11  QUAD=(VALF(0.)+4.0*VALF(XC/2.O)+VALF(XD)I*XD/6oO 
12 X I = X D  

X D = X I - ( C U A D - T S * V T ) / V A L ~ ( X I )  
IF(ARSF((XD-XI)/XC)-O.Ol) 2,291 

1 C O N 1  INUE 

llC0 FORMAr  (lHOl4HERRGR M E S S A G E O 2 X 5 3 l - X  C C R R E C T I C h  FGR C L R V E C  F L I G H T  P 

2 Z D = ( X D * B E T A + A L F ) + X D  
Y D = - T S * Z ( 9 , 1 )  
I F  ( Z C )  5 9 5 * 4 4  

PRINT l l C O , X I , X C  

l A T H  D I D  NGT C C k V E R G E o / l H O I  

4 4  I F  (PSI) 4 5 ~ 4 6 ~ 4 5  
4 5  XD=-XD 

Y O = - Y D  
Z D = - Z D  
P S I  = PSI-VT*CRV*TS 
G O  TO 5 

4 6  PSI=- - T A U + V T * C R V  
5 P S I = P S I * 5 7 . 2 9 5 7 7 9 5  

RETURN 
E N D ~ l ~ l ~ O ~ O ~ O ~ l ~ l r l r O ~ O ~ O ~ C ~ G ~ O ~ O ~  
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APPENDIX IV 

CLIMBING, DIVING, AND FLIGHT PATH CURVATURE EFFECTS 

AIV.l RAY ANGLE GEOMETRY 

In this section we will describe an extension to  the general  theory 

which is given in Appendix I. This extension will permit  inclusion of 

flight paths which a r e  curved, climbing, o r  diving. 

a r e  res t r ic ted to aircraft  motions which a r e  in a vertical  plane. 

tributions which a r i s e  f rom lateral  motions can be determined by going 

through geometrical  arguments very s imi la r  to  those given below. 

The resu l t s ,  however, 

The con- 

To include diving and climbing effects in the general  theory we 

first introduce a new coordinate system (x*, y*, z * ) .  

Y *  

+ = O  

Figure A IV. 1 

x* is tangent to the flight path and the velocity is in the negative x* direc- 

tion, y* is perpendicular to x* and is horizontal, z* is perpendicular to y* 

and x* and points upward. 

right-handed system, and the aircraf t  is moving in the x*, z* plane. 

angle + will  be used to identify any ray  in the initial ray  cone ( see  F i g  .AI.V. 1) 

This angle has the same meaning as that defined in F ig .  11.1, page 5 and 

F i g .  1,  page 31. 

to the initial shock cone) has components relative to x*, y*, z* , given in 

The coordinates (x*, y*, z * )  a r e  to f o r m  a 

The 

Any unit vector in the initial r ay  cone (which is normal  

T R  89 55 



t e r m s  of Mach angle and rotation angle 4: 
- - - sin p 

= - cos p. s in  4 
x;:c 

N 

N y* 

NZ, 
- - - cos p cos 4 

(A IV.. 1) 

For  climbing a i r c ra f t  the angle Q , between x>:c and (horizontal) 

X is positive; for diving a i rc raf t  t# is negative. 

f rom the x* to the X axes ,  positive in the counterclockwise direction. 

The components of unit vector N ,  given in (AIV.l) ,  relative to X ,  Y ,  Z 

coordinates a r e  

That i s ,  Jr is measured 

(A IV.2 )  

- 
NX - 

N y  - 

- s in  p. cos LJJ - cos p. cos 9 s in  I$ 

- cos p. sin 4 - 

sin p sin t# - cos p cos 4 cos t# - 
NZ - 

We now want to canstruct the " r ay  coordinate system" x, y,  z .  

Recalling (see discussion below Eq. (A . l l )  of Appendix I) that the angle 

8 is determined by requiring the r ay  to be initially in the x ,  y ,  z plane; 

we le t  1, m ,  n be the x, y, z direction cosines of the unit vector N.  

V 

Rotating about the Z = z axis:  

7 1 = N COS 8 t N sin 8 X Y 

m = N sin 8 t N y  c o s  8 X 

n = NZ 

(A IV.3) 
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In order  to have m = 0: 

cos p s in  + N 
tan 8 = 2 = sin p cos + t cos p cos + sin + N* 

N N 

. (AIV.4) 

Combining the results of Eqs. (AIV.3) and (AIV.4), the initial 

x direction cosine of the ray is 

2 
lh = - cos p J[tan p cos + t c o s +  sin + 3 t sin2 4 

(A IV.5) 

Eqs.  (AIV.4) and (AIV.5) reduce to Eqs.  (3.3) and (3.4) of Appendix I 

when the climb or  dive angle + equals zero.  Also, all the resul ts  of 

Appendix I can be applied using the more  general definitions given in 

(A IV .4) and (A I V  .5). 

The results presented in  this section make it possible to determine 

the r ay  locations and shock strengths for  a i rc raf t  on straight climbing o r  

diving flight paths. However the technique used f o r  determining the 

shock-ground intersection curve (see page 15) is inapplicable to the 

diving-climbing aircraf t  problem. 

the flight path, the rays leaving the a i r c ra f t  will have a different ground 

intersection curve. 

is continuously changing. 

each set  of ray-ground intersections is  the same and to know any one implies 

knowledge of all, therefore a shock-ground curve can be constructed 
although the rays that meet it have left the a i rc raf t  a t  different t imes.  

the third section of this appendix we will describe a method fo r  determining 

an  approximate shock- ground inters e ct ion. 

This is because for  each instant along 

The main reason f o r  this is that the a i r c ra f t  altitude 

The technique developed on page 15 assumes  that 

In 
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It is not too difficult to include a i rc raf t  flight path curvature  in 

the analysis. 

r ay  tube area used in shock strength computations. 

concave downward, two successive rays  will be directed toward each 

other in a manner very  s imi l a r  to that of an  accelerating a i r c ra f t .  

some point below the a i r c ra f t  the rays  will converge leading, locally, 

to a high shock overpressure .  

the next section. 

This is of considerable importance for  determining the 

If the flight path is 

At 

The theory f o r  this will be derived in 

AIV.2 FLIGHT PATH CURVATURE 

In Section IV.2, page 2 5 ,  perturbations to the r ay  inclination 

angle,  v ,  were found. 

f i r s t ,  A~ v ,  is the initial difference in the slopes of two successive rays  

due to a i rcraf t  acceleration. 

path there  would be an additional contribution to the difference A ~ V .  

will derive this second contribution in this section. 

These perturbations a r i s e  f r o m  two effects; the 

If the a i rc raf t  were flying on a curved flight 

We 

At the initial point, A,  the flight path i s  a t  an  angle $ with respect  

to the horizontal; a t  point B (assumed to be an infinitesimal distance f r o m  

A) the angle has  changed to $ t A $ . 
setup a t  B ,  the components of a unit vector,  identified by the angle 5 , 
in the r a y  cone has components (see Eq. (AIV.1). 

Relative to a coordinate system 
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The bar  notation is used to indicate variables at point B. 

re la te  the components of 

rotate an amount A +  about the y axis. 

A$ ; i .e . ,  sin A$,  cos A +  = 1 

In order  to 

in (AIV.6) to the x*, y*, z* system we must 

Keeping t e r m s  of first order  'in 

1 - - - - sin p - cos p cos 7 A +  
NX* - 
N 
Y* 

- cos p s i n ?  (AIV.7)  I 
J - = sin p A +  - cos p cos 7 

NZ* 

We now must identify the angle 5 with the angle @ used in  the 

previous section. 

making an angle + with the vertical ( see  Fig. A I V . l ) .  

passed a plane through the x axis making an angle 5 with the vertical .  

In order  that the two rays,  corresponding to + at A and 

the same plane, defined by +, we must have 

At point A, we passed a plane through the x* axis 

At point B we 

at  B, lie in 

. (AIV.8)  
cos p s i n $  N 

J* = tan + = 
NZ* 

irr 
cos p cos ,+ - sin p A +  

Letting 5 = + + A +  we obtain from (AIV.8 )  

A +  = - s i n + t a n p  A +  (A IV. 9) 

We can now determine the change in initial ray  direction due to 

changes in both a i rc raf t  Mach number and flight path slope. 

recall  the identity 

F i r s t  we 

sin v = - I 

the refore 

h A'h - sec  v (A IV. 10) 
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By using (AIV.5) we can determine 

- (AIV. l l )  

After carrying out the differentiations in (AIV.l l ) ,  using (A IV.9) ,  

and substituting the result  in AIV.lO) we obtain, finally: 

A C o S  + cos e (cos + P J ~  - sin + cos + I -  s i n e  s i n +  c - 
M 

(A IV.12) 

It is easily shown that for  a straight and level flight, L# = A + = O ,  Eq. (AIV.12) 

reduces to Eq. (IV.9) on page 26 .  Of the t e rms  multiplying A + ,  the one 

cos 8 cos + d z .  i s  l a rges t .  

and a negative curvature,  

eration. 

a positive acceleration and curvature will offset each other. Similarly 

f o r  a decelerating, diving (landing) flight path the negative acceleration 

and curvature offset each other. 

Therefore the coefficient of A +  is positive 

A +  < 0 ,  has the same effect as a positive accel-  

F o r  an accelerating, climbing (take off) flight path the effects  of 

With Al v given in (AIV.12) the ray tube a r e a  t e r m  (see Eqs.(IV.12) 
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and (111.2)) is 

(A IV.13) 1 tanv  ( -  vS - sin v 3 ) d z  
+ s e c v h  v case s dz dz 

h a 

The t e r m  k is the rate of change of flight path angle with respect  

to distance along the flight path 

i .e. ,  k = - l!!k 
Va dt  

This is ,  by definition, the. flight path curvature.  

The curvature can be related to a i rc raf t  motions as follows: 

Consider a curved flight path, 

L =  
w =  
R =  

l i f t  

weight 

radius of curvature  

Figure A IV.  2 
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with the (simplified) force diagram as shown in Fig.  A I V .  3.  Balancing 

the radial  forces a t  the instantaneous center  of curvature  

1 -  ( L -  w c o s  + ) g  therefore  k = - - 
R w va" 

When lift,  L,  is  g rea t e r  than W cos + the a i r c ra f t  is increasing i t s  

flight path angle and.the curvature is  positive; when L is sma l l e r  than 

W cos 4 the curvature  i s  negative. 

A IV.3 SHOCK G R O U N D  I N T E R S E C T I O N  
When an a i rc raf t  is either climbing o r  diving the shock-ground 

intersection curve var ies  with t ime.  The problem is , therefore ,  basically 

different from the one in which the a i rc raf t  i s  flying horizontally. 

l a t te r  problem is t ruly a steady state situation and the shock-ground 

intersection curve is invariant. 

This 

The shock-ground curve is the locus of disturbances which reach 

the ground simultaneously. 

obtain the locus of disturbances which leave the a i r c ra f t  a t  the same t ime.  

There a r e  many ways to determine a shock curve when r a y  curve data 

a r e  known; however the one chosen, and descr ibed below, seems to be 

comparatively simple and uses  a minimum of computer t ime.  

By integrating the r a y  equations (111.1) we 

Two points on the flight path a r e  determined which a r e  separa ted ,  

in t ime,  by an  increment 7 . Then, the r ay  ground intersections a r e  

computed f o r  each of these points. 

determined for  seven angles 4 about the flight path; therefore  the com- 

puter determines seven ray-ground X ,  Y coordinates,  seven r a y  t rave l  

t imes ,  and seven p res su re  jumps f o r  each of the two points on the flight 

path. 

fourteen computed t ravel  t imes;  i. e.,  

To be specific, assume data a r e  

A mean r ay  t ravel  t ime is then found by s imply averaging the 

I 

( A I V .  14) 
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where tAi o r  tBi is the ray travel t ime from point A o r  B on the flight 

path corresponding to angle 9i . Then, using this mean t ime,  we de- 

termine by l inear interpolation (or extrapolation) the corresponding 

X, Y coordinates and the pressure  jump a p  as follows: 

tAi - 
(A IV.15) mean 

i mean - xAi t tAi - tBi (xSi - xAi) 
- X 

with the identical formula being used with Y o r  a p  substituted fo r  X. 

The resulting coordinates are , approximately, the ground inter-  

section points of disturbances (shock) arriving a t  the ground simultane- 

ously. The pressure  jumps a r e  the p re s su re  jumps ac ross  this shock. 

It is recognized that the above computation gives some hypothet- 

ical  l1meant1 shock and i ts  strength. 

in visualizing the ground-shock pattern. 

the ray-ground data for  both flight path points as well as the derived 

shock data, and the operator can interpret all the data as he s o  des i r e s .  

This is simply intended as an  aid 

The computer will print  out 

A IV.4  PROGRAM DETAILS 

P r o g r a m  Inputs 

The las t  three entr ies  on the "aircraf t  data cards"  (see page 6) 

a r e  the flight path curvature ( l/ft), the climb o r  dive angle (deg), and 

the t ime increment 7 (sec) between the two flight path points. 

curvature is usually a very  small  number it i s  to be read in as (curva- 

ture)  x 10 . 
creasing,  and a negative curvature indicates a decreasing flight path 

angle. A climbing a i rc raf t  will have a positive flight path angle, and 

a diving a i rc raf t  a negative angle. 

path points has been left as an input for  the convenience of the operator.  

It has  been found that a five-second interval has led to satisfactory 

resul ts .  

Since the 

6 A positive curvature indicates the flight path angle is in- 

I'he time increment between flight 
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Program Calculations 

If both the curvature and the climb (or  dive) angle a r e  ze ro  the 

SBCP will operate as described in the main body of this report .  If 

ei ther one or both a r e  nonzero two additional subroutines a r e  used. 

These a r e  named CORR and SORT. These will be described below. 

SUBROUTINE C0R.R- 

path is determined, assumeing that the first point is a t  the origin. 

motion in the vertical  X ,  Z plane the flight path can be approximately 

described as  

In this subroutine the second point on the flight 

Since 

with 

2 
z = a , x + p x  

3/2 
cy = - t a n  J c ,  /3 = 1 / 2 k ( l t d )  

J J, = flight path angle (see Fig. AIV.l)  

k = flight path curvature 

w 

(AIV.16) 

If the a i rc raf t  flight path velocity (see Fig. AIV.3) relative to a 

fixed coordinate system were denoted V we can write T' 

x t z  = -  dt h 
(A IV.17) 

Figure A IV.  3 

Integrating (AIV.17) over the t ime increment 7 ,  assuming V is constant T 
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solution of (AIV.18) f o r  Ax gives the x coordinate of the second point on 

the flight path, this is accomplished in subroutine CORR by a Newton- 

Raphson iteration. In 

subroutine ALTA all atmospheric data above the flight altitude a r e  dis- 

carded.  

used the higher one must be computed first. 

c a r e  of all situations f o r  diving, climbing o r  level flight. 

Equation (AIV.16) is then used to determine A z .  

This means that whenever two points on the flight path a r e  

Subroutine CORR takes 

SUBROUTINE SORT - In this subroutine the computed ray-ground data ,  

fo r  the two flight pathpoints, a r e  re fer red  t o  a common origin and t ime 

sca le .  

then car r ied  out, and finally all the data is printed. 

The l inear  interpolation described in  Eqs. (AIV.14 and 15) is 
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APPENDIX V 

EXPERIMENTAL RESULTS 

In this section the results of severa l  computations with the SBCP 
will be presented. 

was used. 

The necessary  a i rc raf t  parameters  were: 

F o r  all the cases described the s a m e  a i rc raf t  model 

Different flight and atmospheric conditions were investigated. 

weight = 100,000 lbs. 

length = 100 ft.  

max dia. = 12  f t .  

volume factor = .64 

l i f t  fact  o r  = .6 

The basic atmosphere,  unless otherwise indicated, was taken f rom 

ARDC 1959 Model Atmosphere. 

Figure A V . l  

This figure indicates the ground-shock intersection curve f o r  an 

a i rc raf t  flying above a je t  stream.. 

the j e t  s t r eam s t a r t s  a t  50,000 ft. , builds up l inear ly  to  200 ft/sec a t  

35,000 ft  and then falls to z e r o  again at  20,000 ft .  

Superimposed on the ARDC atmosphere 

Five cases  were tested.  These were a i rc raf t  velocity 0 " (parallel) ,  

45 ", 90 " (c ross  je t ) ,  135 ", 180 "(anti-parallel) to  the je t  s t r e a m  direction. 

F o r  all cases ,  effects on pressure  jump ac ross  the shock were negligible 

by t ime the shock reached the ground. 

s t r e a m  the shock strength (Ap/p) tends to  increase when in a region where 

the headwind (tailwind) is increasing (decreasing); conversely shock strength 

tends to decrease  when the headwind (tailwind) is decreasing (increasing). 

F o r  all cases  the variation within the j e t  s t r e a m  w a s  a t  most 10% f rom the 

uniform atmosphere case.  

While propagating through the je t  

The three cases  shown in Fig. AV.l a r e  uniform (no je t  s t r eam)  

atmosphere solid l ine;  45" je t  s t ream, dash dot l ine;  90" (c ross  wind) 

dashed l ine.  The groups of symbols correspond, reading f r o m  left to 

right,  to (I angles 45",  30", 15", 0 " ,  -15", -30"-45". To facilitate 

identification the alternate angle symbols (45 ", 15 O ,  - 15 O ,  - 4 5  ") a r e  

filled in. It is interesting to note that the -45 " ray  for  the 45 " direction 
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j e t  s t r eam gets cut off and never reaches ground. 

wind case nearly gets cut off; i t  does get to the ground but considerably 

fur ther  out than the uniform atmosphere case.  

The -45" r ay ,  c ros s -  

Figure AV.2 

For this case a perturbation on the ARDC temperature  profile 

was introduced. 

cases  a r e  shown in the right figure. 

A sample perturbation is shown in the left figure. Four 

1. standard atmosphere 

2. temperature inversion and return to standard,  centered at 

3. temperature inversion and return to standard,  centered at 

4. temperature inversion between 5,000 f t .  and ground. 

In case (4) the temperature fell  f rom standard a t  5,000 f t .  to  about 

10,000 ft.  

5,000 ft. 

2 5 "  F a t  the ground. 

when the shock propagates into an increasing (decreasing)temperature region, 

F o r  all cases  the p re s su re  jump decreases  ( increases)  

It should be noted that fo r  a standard atmosphere the shock 

strength,  A p ,  remains near ly  constant for  almost all of i t s  t ravel  nea r  the 

ground. See, fo r  example, case (1). The reason f o r  this is that although 

the pressure  ratio ~ p / p  i s  decreasing with distance in accordance with 

Whitham's theory, the ambient p re s su re ,  p ,  is increasing as the ground is 

approached. 

near ly  unchanged. 

These two effects counterbalance each other and Ap remains 

A further comment can be made. Almost all atmospheric per tur -  

bations which occur above about 15,000 ft.  altitude a r e  forgotten" by t ime 

the shock reaches the ground. 

near  the ground which will affect the shock strength at the ground. 

That is ,  i t  i s  only those phenomena occurring 

Figure AV.3 

Acceleration effects a t  different Mach numbers a r e  investigated 

he re .  

high pressure ,  due to focusing, region. 

tube approach the magnitude of the p re s su re  jump a t  i ts  peak value may 

The Mach number has  a pronounced effect on the location of the 

Due to limitations of the r ay  
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not be too accurate ,  however the location is cor rec t .  

the shock directly below the aircraft  is considered. 

For  all cases  shown 

The p res su re  drops off considerably, af ter  the high p res su re  

Also the p re s su re  jump at  the ground, far the M = 1.2 case for  peak. 

example is close to that which would occur for  a nonaccelerating a i rc raf t  

a t  the same initial flight condition. For  the M = 1.1 case the shock i s  cut 

off before i t  reaches the ground, due to  the increasing temperature  a s  the 

ground is approached. 

before the pressure  peak is reached. 

For  the M = 1.3 case the shock gets to  the ground 

Note that the buildup to the pressure  peak takes place over an 

extended region, approximately 10,000 f t  for  the M = 1.2 case.  

the actual,  unusually high pressure region i s  quite localized. 

Whereas 

Figure AV.4 

For  this case we considered the effect of a temperature  inversion 

and acceleration induced pressure peaks near  the ground. 

setup so  that for  a standard atmosphere the p re s su re  peak occurs a t  about 

1000 f t  altitude. 

Conditions were  

A temperature  profile was introduced which was standard to 

5,000 ft  and then fel l  to 24°F a t  the ground. 

was to  cause the pressure  peak t o  occur sooner,  i .e. ,  a t  a higher altitude. 

The location of the pressure  peak had, within the limitations of the present  

theory, very little effect on i ts  magnitude. 

The effect of the inversion 

Figure AV.5 

This case was essentially the same as that shown in Figure AV.4  

except that the a i rc raf t  altitude was 50,000 ft .  

the shock meets the ground before the p re s su re  peak occurs.  

when a temperature  inversion, near the ground, is  inserted the pressure  

peak occurs sooner; i .e. ,  above the ground. The boom at the ground for 

this la t te r  case,  i s  actually l e s s  than that for  the standard atmosphere 

plus acceleration case.  If the ground altitude were about 2,000 ft.  the 

boom in the presence of a temperature inversion could be much grea te r  

than the standard atmosphere case. 

For  a standard atmosphere 

However, 
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Figure AV.6 

In th is  figure the effects of flight path curvature and a i rc raf t  

A hypothetical (nonrealistic) situation was acceleration a r e  shown, 

constructed to indicate the general  shock behavior. 

was assumed to be constant with a sound speed equal to about lOOOft/sec. 

This same atmosphere was used for  problem on p. 42. 
a i rc raf t  dive angle of 15 degrees was assumed. 

The atmosphere 

In addition, an  

The output for  case 1 of Fig. AV.6 is given on the page following 

this figure. 

diving o r  climbing a i rc raf t  on curved flight paths as described in 

Appendix IV. Also, this output can be compared with the one on page 42 
to s ee  the difference in the ground effects between a horizontal flight and 

a diving flight. For  the case on page 42 the p re s su re  jump a t  the ground 

is lower although the a i rc raf t  Mach number was higher. 

the fact that for  a diving aircraf t  the shock t ravel  distance is l e s s .  

This output is typical of one for  problems which include 

This is due to 

In case 1 of Figure AV.6 no acceleration o r  curvature effects 
2 were introduced. 

' Fo r  case  3 a flight path curvature of - 14.5 x 10 

cause a pressure peak at approximately the same  altitude as for  case  2. 

For  case  2 an acceleration of 36.4 ft/sec was used. 

was chosen to -6 -1 ft. 

Case 4 shows the additive nature of these two effects, half the acceleration 

and half the curvature were used. 

introduced, this just  cancelled the acceleration effects. 

Fo r  case 5 a positive curvature was 
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Figure A V .  2. Temperature inversion, M = 2,  al t .  = 60 ,000  f t .  
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-21240. 
-22251. 
-23262. 
-24273. 
-25285. 
-26296. 
-7730'. 
-28318. 
-29329. 
-30341. 

-1416n. 

O e  M= 1.500 

PRESSURE JUMP 
IPSF) 

0.850 
0.924 
0.904 
0.850 

0.873 
0.947 
0.928 
0.673 

0.829 
0.971 
0.939 
0.829 

V 
I F T I  

-0. 
-0. 
-0. 
-0. 
-0. 
-0. 
-0. 
-0. 
-0. 
- 0 .  
-0. 
-0. 
-0. 
-0. 
-0. 
-0. 
4. 
-0. 
-0. 
-0. 
-0. 
-0. 
-0. 
-0. 
-0. 

x 
I F T )  

-35971. 
-30341. 
-31654. 
-35971. 

-62043. 
-36594. 
-37865. 
-k2043. 

-7OS95. 
-43396. 
-40629. 
-30595. 

PRESSUPE SOUYC SPEED TEMPERATIJRE 
(PSFI ( E J S I  (OCG F l  

657.600 998.446 -44.400 

657.600 998.446 -46.400 
657. 600 9 9 8.4 46- - 4  4.4c 3 - .- - ____ 

PRESSURE RATIO PRESSURE JUMP PRESSURC 
IPSF) ( P S F )  

0.0025819 
O.OO232RR 
0.0021082 
0.0019286 

0.0016569 
0.001 5 5 9 0  
0.00 146 14 
0.001 3870 

_ _  0.001254P 

0.001 1476 
0.001 1016 
0.00 10596 
0.09i02 1 2  
-__._ O.OOO~859 

O . O O O W ? 3  

0.000895n 
0.0308699 
0.090'74Q6 

O,O>F8 07- 

0.0011175 

0.  ooii9 85 

o.no09231 

0. O O O S Z Z ~ ~  
0.0008043 
0 . 0 0 0 7 ~ 1  o 

Y 
I 

28111. 
-0. 

-13344. 
-281 11.  

77203. 
-0 .  

-12913. 
-27773. 

23915. 
0 .  

-17721. 
-25915. 

75.47 
67,31 
69.21 
75.47 

18.04 
70.13 
71.QR 
7R.04 

73.21 
73.21 
77.71 
73.21 

1.69R 
1.531 
1.386 
1.26R 
1.17_1 
1.090 
1.025 
0.961 
0.712 
0.ab6 

0 . 7 R P  
0.755 
0.724 
3.697 
0. 672 
0.648 
0 .h27  
0.607 
0.5e9 
0.571 
0 . 5 5 Q  
0 .541  
0.579 
0.514 

0.82!- 

657.600 
657.600 
657.600 
657.  h'O 
657.61JO 
657.600 
657.h30 
657.L00 
657. 600 
657.600 
657.620 

657.h-0 
h57.6n0 
657 .Cqn 
b57.bOO 
657.600 
h>7.600 
h57.t 30 
657.693 
h57.hSO 
6 )  f.  600 
6 5 7 . 6 ~ 3 0  

657.601) 

657.600 

6 5  7 .  tx  9 
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